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iAbstract
Superintegrable systems are a class of physical systems which possess more conserved
quantities than their degrees of freedom. The study of these systems has a long history
and continues to attract significant international attention. This thesis investigates finite
dimensional quantum superintegrable systems with scalar potentials as well as vector po-
tentials with monopole type interactions. We introduce new families of N -dimensional
superintegrable Kepler-Coulomb systems with non-central terms and double singular har-
monic oscillators in the Euclidean space, and new families of superintegrable Kepler,
MIC-harmonic oscillator and deformed Kepler systems interacting with Yang-Coulomb
monopoles in the flat and curved Taub-NUT spaces. We show their multiseparability and
obtain their Schro¨dinger wave functions in different coordinate systems. We show that
the wave functions are given by (exceptional) orthogonal polynomials and Painleve´ tran-
scendents (of hypergeometric type). We construct higher-order algebraically independent
integrals of motion of the systems via the direct and constructive approaches. These inte-
grals form (higher-rank) polynomial algebras with structure constants involving Casimir
operators of certain Lie algebras. We obtain finite dimensional unitary representations of
the polynomial algebras and present the algebraic derivations for degenerate energy spec-
tra of these systems. Finally, we present a generalized superintegrable Kepler-Coulomb
model from exceptional orthogonal polynomials and obtain its energy spectrum using
both the separation of variable and the algebraic methods.
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Chapter 1
Introduction
1.1 Background and motivations
Symmetries play a central role in a variety of branches in modern science. The general
concepts of symmetry in physics are fundamentally important in formulating theories
and models. Symmetry algebras such as Lie algebras lead to powerful methods for solving
energy spectra and degeneracies of models in e.g., nuclear physics, quantum chemistry and
particle physics. The harmonic oscillators, the hydrogen atom in quantum mechanics and
the interacting boson model (IBM) with su(6) Lie algebra symmetry in nuclear physics
are the most famous applications of symmetries. See [142] for quantum models with
so(N + 1) symmetry and [98,109,141] for those with su(N) symmetry.
There are many classes of physical models that can be solved analytically. They
are often called exactly solvable systems in the literature. An exciting subclass is the
so-called superintegrable systems that allow the Schro¨dinger eigenvalue problem to be
solved exactly and algebraically [53, 60, 176, 212, 213]. Superintegrable systems are sys-
tems that possess more conserved quantities than their degrees of freedom. The harmonic
anisotropic oscillator and Kepler planetary orbit systems are famous examples of super-
integrable systems. Thanks to the existence of more integrals of motion, superintegrable
models provide deep quantitative insight into the physical systems under investigation.
They also facilitate deeper conceptual understanding of modern physics, especially in
quantum chemistry, atomic physics, nuclear physics, molecular physics and condensed
matter physics. In fact, because they are exactly solvable physical systems, they offer
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an interesting field of research in multi-dimensional applications in physics and many
domains of pure and applied mathematics.
The modern theory of superintegrable systems allowing second-order integrals of mo-
tion in the 2D Euclidean space was inaugurated by Winternitz et. al. [62, 63, 143] in
the mid sixties. Wojciechowski popularly used the term ”superintegrable” and applied
superintegrability to the Calogero-Moser systems in 1983 [221]. Earlier applications in-
cluded systems with accidental degeneracy [13,59] and dynamical symmetries [62,63,143].
Calogero [29–31,201] and others (see [58,74,81,189]) presented explicit solutions of some
n-body problems which were really noble examples for the theory. The topic of su-
perintegrability and the classifications of superintegrable systems have been extended
in last fifteen years in the view point of symmetry algebras in mathematical physics
[1,112–114,116,119,156,157,166,167,172,173,176,190,200]. Classification of second order
2D and 3D superintegrable systems with their degenerate quadratic symmetry algebras is
now more or less complete for conformal flat spaces. Recently, a lot of efforts have been
devoted to relate distinct superintegrable systems and their nondegenerate and semide-
generate quadratic algebras by geometric contractions induced by Boˆcher contractions of
the conformal Lie algebra so(4,C) [49–51]. However, classification in higher dimensions
and with higher order integrals of motion is much more complicated.
Superintegrable systems also possess many attractive properties in the view point of
mathematics, especially, their connections to special functions, (exceptional) orthogonal
polynomials, Painleve´ transcendents, hypergeometric Heun elliptic functions and higher-
order analogs [1, 48, 173, 191]. Moreover, there has an interesting connection between
superintegrable systems in 2D conformally flat spaces and the full Askey scheme of or-
thogonal polynomials of hypergeometric type [120]. Such connections between superinte-
grable systems and special functions and orthogonal polynomials are intimately related to
the conjecture that all superintegrable systems are exactly solvable [212]. In addition, the
Ino¨nu¨-Winger type Lie algebra contractions and Boˆcher contractions have been applied to
relate separable coordinate systems and the associated special functions [49–51,101–103].
Polynomial algebras are nonlinear generalizations of Lie algebras. They are often the
symmetry algebras of superintegrable systems and play a basic role in algebraically deriv-
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ing the energy spectra of these systems [100] and explaining their degeneracies. Algebraic
derivations of the energy spectra for systems with Lie algebra symmetries are achieved us-
ing chains of second order Casimir operators to define appropriate quantum numbers [142]
and various embeddings in non-invariant algebras [215]. For 2D superintegrable systems
with quadratic algebra involving three generators as symmetry algebra a new algebraic
approach was proposed in [39]. This method is based on the construction of the Casimir
operators and the realization of the quadratic algebra in terms of the deformed oscilla-
tors. The generalization of this approach to the N -dimensional superintegrable systems
is a very attractive subject. Higher-dimensional superintegrable systems often possess
higher rank polynomial algebras as symmetry algebras and accidental degeneracies. The
structure of these algebras was less known. The accidental degeneracies come from the
fact that the Schro¨dinger equations for such systems are multiseparable in certain coordi-
nate systems [62,63,143]. For higher-dimensional superintegrable Hamiltonian systems, it
is in general difficult to obtain their integrals of motion and the corresponding polynomial
symmetry algebras, the Casimir operators and their realizations in terms of the deformed
oscillator algebras via this direct approach in [39].
The difficulties of this approach can be overcome by using the constructive approach.
In classical and quantum mechanical systems, this constructive or recurrence approach
is one of the powerful tools to derive integrals of motion and construct their higher-
rank polynomial algebras. A lot of works have been devoted to construct integrals of
motion and their corresponding symmetry algebras based on lower- (first and second)
[23,55,63,109,161] and higher-order ladder operators in various aspects (see e.g. [2,42,110,
129,157,160,164,168,171,196]). In fact, the constructive approach has a deep connection
with special functions and (exceptional) orthogonal polynomials [27, 28, 117, 172, 191]. It
is interesting to generalize this approach to superintegrable systems in higher dimensions
or with monopole interactions in both flat and curved spaces. Such a generalization has
so far been only considered for a very limited number of cases.
Models in curved spaces are essential in modern physics. The Taub-NUT metrics
discovered by Taub [211] and Newman-Unti-Tamburino [180] with their plentiful symme-
tries provide an excellent background to investigate the classical and quantum conserved
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quantities in curved spaces. The Taub-NUT metric might give rise to the gravitational
analog of the Yang-Mills instanton suggested by Hawking [84]. This metric is the space
part of the line element of the Kaluza-Klein monopole [78, 208] and is known to admit
the Kepler-type symmetry and provide a non-trivial generalization of the oscillator and
Kepler-Coulomb problems [4, 10,11,35,36,57,67,79,104–107,131,135,144,163].
Kepler problems involving magnetic monopoles, now known as MICZ-Kepler problems,
were explored independently by McIntosh and Cisneros [174] and Zwanziger [228]. The
generalizations of the MICZ-Kepler problems [151] lead to the intrinsic Smorodinsky-
Winternitz systems [54,62] with monopoles in 3D Euclidean space. The extended Kepler
systems with non-central potentials or Yang’s non-abelian su(2) monopoles [226] have
been studied in both the flat Euclidean and curved Taub-NUT spaces. The majority of
the works has so far been focused on systems in lower dimensions [176].
1.2 Aim of the research
This thesis will focus on finite dimensional classical and quantum superintegrable systems
with scalar potentials as well as vector potentials with monopole type interactions. We
introduce new families of superintegrable Hamiltonians in the N -dimensional Euclidean
space. The main aims of this PhD thesis are to
• study algebraic properties of the N -dimensional superintegrable systems and their
connection to special functions and orthogonal polynomials.
• construct higher-rank finitely generated polynomial algebras and their Casimir op-
erators related to the N -dimensional superintegrable systems using the direct ap-
proach relying on realizations of differential operators.
• develop new approaches to construct integrals of motion and the polynomial algebras
satisfied by them. These approaches are based on the combination of the ladder,
shift and intertwining operators, supercharge and various recurrence formulas of
special functions and orthogonal polynomials (of hypergeometric type).
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• construct finite-dimensional unitary representations of the higher-rank polynomial
algebras and apply the results to derive the degenerate energy spectra of the corre-
sponding superintegrable systems.
• apply such approaches to monopole systems and systems from exceptional orthog-
onal polynomials (EOPs).
1.3 Thesis structure
After the introductory and preliminary chapters 1 and 2, we present the thesis by the
style of ”thesis by publication”. The thesis incorporates our peer-reviewed and published
papers [89–96] in such a way that each paper can be considered as a stand alone chapter.
This thesis has thus been divided into eleven chapters according to the key mathematical
themes of the publications [89–96].
Chapter 2 gives the preliminary mathematical background and relevant algebraic tools
for the study of superintegrable systems. Our main works start from chapter 3.
In chapter 3, we present a new superintegrable Hamiltonian system in N -dimensional
Euclidean space. We show that its Schro¨dinger wave function is multi-separable in hy-
perspherical and hyperparabolic coordinates and the wave function can be expressed in
terms of special functions. We give an algebraic derivation of spectrum of the superin-
tegrable system. We show how the so(N + 1) symmetry algebra of the N -dimensional
Kepler-Coulomb system is deformed to a quadratic algebra with three generators and
structure constants involving Casimir operator of so(N − 1) Lie algebra. We construct
the quadratic algebra and the Casimir operator and derive the structure function of the
deformed oscillator realization of the quadratic algebra which yields the energy spectrum.
In chapter 4, we extend the symmetric double singular oscillators in 4D and 8D to
arbitrary dimensions with any partition (n,N − n) of the coordinates. This provides
a new family of quantum superintegrable systems. We show how the su(N) symmetry
algebra of the N -dimensional harmonic oscillator are broken to higher rank polynomial
algebra of the form Q(3)⊕ so(n)⊕ so(N − n). We construct integrals of the motion and
the Casimir operator and obtain the realization of the polynomial algebra in terms of the
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deformed oscillator algebra. We obtain the finite dimensional unitary representations of
the quadratic algebra and the degenerate energy spectrum of the superintegrable model.
Moreover, we show that the model is multi-separable and obtain its wave function in
(n,N − n) double hyperspherical coordinates.
In chapter 5, we present the common features of the quadratic algebra structures and
algebraic derivations of families of N -dimensional superintegrable Hamiltonian models.
The applications of the direct approach in chapter 3, 4 and 5 show that it is quite
involved to construct integrals of motion, their corresponding polynomial algebras, the
Casimir operators and realizations in terms of the deformed oscillators. The difficulties of
this direct approach can be overcome by the constructive approach in chapter 6. That is,
in chapter 6, we apply the recurrence approach and coupling constant metamorphosis to
construct higher order integrals of motion for the Sta¨ckel equivalents of the N -dimensional
superintegrable Kepler-Coulomb model with non-central terms and the double singular
oscillator of type (n,N − n). We present their higher rank cubic algebra C(3)⊕ L1 ⊕ L2
with structure constants involving Casimir operators of the certain Lie algebras L1 and
L2. We realize this algebra in terms of the deformed oscillator and derive the degenerate
energy spectra of the corresponding superintegrable systems.
In the next few chapters after chapter 6, we consider models with monopole interac-
tions and from exceptional orthogonal polynomials. In chapter 7, we introduce a new
superintegrable monopole system in the curved Taub-NUT space whose wave function is
given by a product of Laguerre and Jacobi polynomials. By construction, algebraically
independent integrals of motion of the model make it a superintegrable system with
monopole interactions. We present the quadratic algebra, Casimir operator and algebraic
derivation of energy spectrum of the monopole model.
In chapter 8, we construct integrals of motion for the 5D deformed Kepler system with
su(2) Yang-Coulomb monopole, which demonstrate superintegrability of the model. We
present the higher-rank quadratic algebra formed by the integrals of motion and give an
algebraic derivation of the energy spectrum of the model. Moreover, we show that the
Schro¨dinger wave equation of the model is multiseparable.
In the first part of chapter 9, we revisit the MIC-harmonic oscillator in the field of
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magnetic monopole in the flat space by means of the recurrence approach and present an
algebraic derivation of the energy spectrum of the system. In second part, we introduce
a new MIC-harmonic oscillator type Hartmann system with monopole interaction in the
generalized Taub-NUT space. We construct its integrals of motion using recurrence for-
mulas based on wave functions. We show that the integrals satisfy the polynomial algebra
and apply this algebraic structure to derive the energy spectrum.
In chapter 10, we introduce a new three-parameter Kepler-Coulomb system and present
the algebraic derivation of its spectrum via the recurrence approach based on the eigen-
value functions.
The final chapter 11 summaries the results of the thesis and gives comments and
discussions on future research.
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Chapter 2
Superintegrable systems and polynomial
algebras
In this chapter, we review the relevant theory of classical and quantum dynamical systems,
focusing on their algebraic aspects. In sections 2.1 and 2.2, we overview the Hamiltonian
formalism in classical and quantum mechanics. In the section 2.3, we give the definitions
and basic properties of integrable and superintegrable systems. In section 2.4, we describe
the mathematical structures underlying superintegrable systems. We will give a brief
review on Lie algebras and their nonlinear generalizations, polynomial algebras. Particular
attention will be paid to quadratic algebras with three generators and their deformed
oscillator realizations. More details on algebraic structures presented here can be found
in the review paper [176] and the book [99].
2.1 Classical Mechanics
In classical mechanics, the most important dynamical variable for a system withN -degrees
of freedom is the Hamiltonian, i.e. the total energy, of the system which can be written
as (in the unit of mass = 1)
H =
1
2
∑
j,k
gjk(x)pjpk + V (x), (2.1)
where gjk is the metric tensor of the space and xj, pk are the generalized coordinates
of positions and momenta, respectively, in the 2N -dimensional phase space. H is time
9
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independent for a conservative system with constant energy and it varies with time for
a non-conservative system. All other dynamical variables A(x,p, t), in general, are real-
valued functions of the generalized coordinates xj, pj, j = 1, . . . , N and the time t. The
motion of the particle is determined by the Hamilton’s canonical equations
x˙j =
∂H
∂pj
, p˙j = −∂H
∂xj
. (2.2)
Let
{A,B} =
n∑
j=1
(
∂A
∂xj
∂B
∂pj
− ∂A
∂pj
∂B
∂xj
)
, (2.3)
denote the Poisson bracket of two dynamical variables A and B, which satisfies the fol-
lowing properties:
(i) Anti-symmetry: {A,B} = −{B,A},
(ii) Bilinearity: {A, aB + bC} = a{A,B}+ b{A,C}, a, c are constants,
(iii) Jacobi identity: {A, {B,C}}+ {B, {C,A}}+ {C, {A,B}} = 0,
(iv) Leibniz rule: {A,BC} = {A,B}C +B{A,C}.
It is easily seen that the coordinates (xi, pi) satisfy
{pj, pk} = 0 = {xj, xk}, {pj, xk} = δjk, (2.4)
where δjk is the usual Kronecker delta.
Then Hamiton’s equations (2.2) can be rewritten in terms of the Poisson bracket as
x˙j = {xj,H}, p˙j = {pj,H}. (2.5)
The time evolution of dynamical variable A(x,p) is determined by
dA
dt
= {A,H}. (2.6)
It follows that A(x,p) is a constant if and only if {A,H} = 0. Such A(x,p) are called
constants of the motion of the system.
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A system of N -degrees of freedom is integrable if it admits N functionally independent
constants of motion (including the Hamiltonian H of the system), A1 = H, A2,. . . , AN ,
such that they are in involution:
{Aj, Ak} = 0, 1 ≤ j, k ≤ N. (2.7)
One of the most powerful methods for demonstrating integrability of a system is to ex-
plicitly exhibit a complete set of integrals by using the method of separation of variables.
The exposition shows that one of the main assets of the Hamiltonian formalism is that it
is well suited to utilizing symmetries of the system through the structures of the Poisson
bracket.
2.2 Quantum mechanics
Recall that in classical mechanics, the dynamics of a system in N dimensions is determined
by its Hamiltonian H(x,p) (or the energy of the system) in the 2N -dimensional phase
space. Analogously in quantum mechanics, the dynamics of the system is determined by
the self-adjoint Hamiltonian operator H(x,p) in the Hilbert space, which also represents
the energy of the system. Now x,p are self-adjoint operators with respect to suitable
Hilbert space inner product, and satisfy the canonical commutation relations (i.e. the
Heisenberg algebra),
[xi, xj] = 0 = [pi, pj], [xi, pj] = i~δij, i, j = 1, 2, . . . , N. (2.8)
In classical mechanics, as the state varies, the phase space coordinates x,p wander around
in the phase space, according to Hamilton’s equations. Analogously in quantum mechan-
ics, quantum state vectors or simply quantum states wander around in the Hilbert space.
In terms of Dirac’s bra-ket notation, these states are denoted as |ψ〉. They vary in time
according to the time-dependent Schro¨dinger equation
i~
d
dt
|ψ(t)〉 = H|ψ(t)〉. (2.9)
Analogous to classical mechanics, where in terms of the Poisson bracket,
d
dt
A(x,p) = {A,H}, (2.10)
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the evolution of linear operators A (possibly self-adjoint) in quantum mechanics is ob-
tained from replacing {A,H} by 1
i~ [A,H],
d
dt
A = A˙ =
1
i~
[A,H]. (2.11)
Then the linear operator A is a constant if and only if [A,H] = 0. Such A are called
constants or integrals of motion. In particular, H itself is a constant or integral of motion.
It is often convenient to use the wave functions ψ(x, t) to describe the quantum states
of a quantum mechanical system in N dimensions. For a given system, the set of all
possible normalizable wave functions (at any given time) forms the (infinite-dimensional)
Hilbert space. At any instant of time, wave functions ψ(x, t) are components of the
quantum state vectors,
|ψ(t)〉 =
∫
dNxψ(x, t)|x〉, (2.12)
where |x〉 are eigenkets of the position operators x. That is, ψ(x, t) are continuous
coefficients in the expansion of |ψ(t)〉 in the basis eigenkets |x〉. This is seen as follows.
The |x〉 are the basis vectors in the Hilbert space which are orthonormal, ∫ dNx|x〉〈x| = I,
so their inner product is
〈x|x〉 = δ(x− x′). (2.13)
Thus
ψ(x, t) =
∫
dNx′ψ(x′, t)〈x|x′〉 = 〈x|ψ(t)〉. (2.14)
So in terms of the wave functions, the time dependent Schro¨dinger equation is written as
i~
∂
∂t
ψ(x, t) = Hψ(x, t). (2.15)
Of all the integrals of the motion, the most interesting is H itself, hence the eigenvalue
problem for H is especially interesting. Suppose H has a complete orthogonal set of
eigenvectors ψ(x) with corresponding eigenvalues E so that
Hψ(x) = Eψ(x). (2.16)
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Then the wave functions ψ(x, t) is given by
ψ(x, t) = e−
i
~Etψ(x). (2.17)
These E are the possible energies of the system and they are real as H is self-adjoint.
In the literature, Eq.(2.16) is called the time-independent Schro¨dinger equation and ψ(x)
the time-independent wave functions. In the x-representation, p → −i~ ∂
∂x
, H in (2.16)
becomes a differential operator, which has the general form in the space with metric gij,
H = −~
2
2
N∑
i,j=1
gij(x)
∂
∂xi
∂
∂xj
+ V (x). (2.18)
2.3 Superintegrability
Superintegrable systems are one important class of dynamical systems that can be solved
exactly. In fact, the classical trajectories of superintegrable systems can be computed al-
gebraically. In this section, we overview the solvability properties of classical Hamiltonian
systems H = 1
2
∑
gjkpjpk + V and their quantum equivalents H = ∆ + V , where ∆ is
the Laplace-Beltrami operator on the Riemannian manifold. We will discuss integrability
and superintegrability for both classical and quantum systems.
2.3.1 Classical integrable and superintegrable systems
In classical mechanics, an N -dimensional dynamical system with Hamiltonian
H =
1
2
∑
gij(x)pipj + V (x), (2.19)
is integrable (Liouville integrable) if it has N integrals of motion (including H) H, Xa =
fa(x,p), a = 2, . . . , N , that are well-defined functionally independent functions in the
phase space that are in involution
{H, Xa} = 0, {Xa, Xb} = 0, a, b = 2, . . . , N. (2.20)
A classical Hamiltonian system is superintegrable if it is integrable and allows additional
integrals of the motion Yb(x,p),
{H, Yb} = 0, b = N + 1, . . . , N + k, k = 1, . . . , N − 1, (2.21)
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that are also well-defined functions in the phase space and the integrals {H, X2, . . . , XN ,
YN+1, . . . , YN+k} are functionally independent. It is maximally superintegrable if the set
contains 2N−1 integrals and minimally superintegrable if it contains N+1 such integrals.
The integrals of motion Yb are not required to be in evolution with X2, . . . , XN , nor with
each other.
If H is the Hamiltonian in N -dimensions, then every constant of motion S, polynomial
or not, is a solution to the linear homogeneous first order partial differential equation
{H, S} = 0 for S in 2N variables {xi, pi, i = 1, 2, . . . , N}. It is a well-known result that
every solution of such differential equation can be expressed as a function F (f1, . . . , f2N−1)
of 2N − 1 functionally independent solutions {f1, f2, . . . , f2N−1} [37]. Thus there always
exist the largest possible 2N−1 independent functions, locally defined, in involution with
the Hamiltonian H. However, it is rare to find 2N − 1 such functions that are globally
defined and polynomial in the momenta. Hence maximally superintegrable systems are
very special.
The polynomial constants of motion for a system with Hamiltonian H generate a
(polynomial) Poisson algebra. We have
Lemma 2.3.1. Let H be a Hamiltonian with integrals of motion L, K. Then αL+ βK,
LK and {L,K} are also integrals of motion.
2.3.2 Quantum integrable and superintegrable systems
In quantum mechanics, the coordinates xj and momenta pj become hermitian operators in
the Hilbert space, satisfying the canonical commutation relations, i.e. Heisenberg algebra.
A quantum mechanical system in N -dimensions is integrable (of finite-order) if it
allows N integrals of motion, Lj, j = 1, . . . , N that satisfy the following conditions:
• They are well-defined Hermitian operators in the enveloping algebra of the Heisen-
berg algebra HN or convergent series in the basis vectors xj, pj, j = 1, . . . , N .
• They are algebraically independent in the sense that no Jordan polynomials formed
entirely out of anti-commutators in Lj vanish identically.
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• The integrals Lj commute pair-wise.
A quantum system is called superintegrable if it admits N + k, k ≥ 1 algebraically inde-
pendent finite-order partial differential operators L1 = H, . . . , LN+k such that [H,Lj] = 0.
In such case, the operators Lj are called integrals of motion of the system. It is said to
be maximally superintegrable if k = N − 1 and minimally superintegrable if k = 1. The
integrals of motion form a symmetry algebra SH of the quantum system, closed under
scalar multiplication and commutation relations in analogy with classical case. That is,
Lemma 2.3.2. Let H be a Hamiltonian with integrals of motion L, K and α, β be scalars.
Then αL+ βK, LK and [L,K] are also integrals of motion.
2.4 Algebraic structures
2.4.1 Lie algebras
The symmetry algebra of a quantum system is often a Lie algebra or polynomial algebra.
So in this subsection, we recall some basic definitions for Lie algebras.
A Lie algebra is a vector space g over a field F (R or C) together with a bilinear
mapping, known as the Lie bracket, [ , ] : g × g −→ g, which satisfies the following
axioms for all X, Y, Z ∈ g and a, b ∈ F,
(i) Bilinearity: [aX + bY, Z] = a[X,Z] + b[Y, Z],
[X, aY + bZ] = a[X, Y ] + b[X,Z];
(ii) Antisymmetric: [X, Y ] = −[Y,X];
(iii) Jacobi identity: [X, [Y, Z] + [Y, [Z,X]]] + [Z, [X, Y ]] = 0;
(iv) Commutativity: [X,X] = 0.
Let {Xi, i = 1, 2, ..., d} be the basis for a finite-dimensional Lie algebra g. Then the
bracket operation is completely determined by
[Xi, Xj] =
d∑
k=1
CkijXk. (2.22)
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The constants Ckij are called structure constants of g. A Lie algebra is real if F = R,
while it is complex if F = C. Real Lie algebras have real structure constants, while the
structure constants for complex Lie algebras can be real or complex. A subset g′ of a Lie
algebra g that is closed under the Lie bracket is called a Lie subalgebra.
In the representation theory of Lie algebras, an important object is the universal
enveloping algebra U(g) of the Lie algebra g. The universal enveloping algebra U(g) is an
unital associative algebra constructed from the Lie algebra g by taking the bracket to be
the commutator [X, Y ] = XY −Y X. Thus for g with basis {X1, . . . , Xd}, U(g) is defined
by the commutation relations,
XiXj −XjXi =
d∑
k=1
CkijXk. (2.23)
Casimir operators play an essential role in constructing representations of g. A Casimir
operator K of g is an operator which commutes with all elements of g,
[K,Xi] = 0 for all Xi ∈ g. (2.24)
The Casimir operators can be linear, quadratic or polynomial functions in Xi. In general,
a Casimir operator of order p in {Xα} has the form
Kp =
∑
α1,α2,...,αp
fα1,α2,...,αpXα1Xα2 . . . . .Xαp , (2.25)
where α1, α2, . . . , αp are constants.
2.4.2 Polynomial algebras
We now turn our attention to the most important ingredients, used in this thesis, poly-
nomial algebras. A polynomial algebra P (g) is a non-linear (or polynomial) deformation
of Lie algebra g. Let {Xi, i = 1, . . . , d} be the generators of a polynomial algebra. Then
the polynomial algebra P (g) is defined by the commutation relations,
[Xi, Xk] =
∑
CqikXq +
∑∑
Cp,qik XpXq +
∑∑∑
Cp,q,rik XpXqXr + . . . , (2.26)
where Cqik,.., etc are structure constants which may involve the central elements of the Lie
algebra g.
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Quadratic algebras are the particular cases of polynomial algebras, which have im-
portant applications in many superintegrable systems. The general form of a quadratic
algebra Q(3) with three generators {A,B,C} which often appears as the symmetry alge-
bra of a superintegrable system has the following commutation relations [39, 76],
[A,B] = C, (2.27)
[A,C] = αA2 + γ{A,B}+ δA+ B + ζ, (2.28)
[B,C] = aA2 + bB2 + c{A,B}+ dA+ eB + z, (2.29)
where A, B are the integrals of motion of the system, α, γ, a, b, c are constants, and
d, δ, , ζ, z depend on the central elements H. The Jacobi identity for A, B and C induces
the relation
[A, [B,C]] = [B, [A,C]], (2.30)
which gives the relations b = −γ, c = −α and e = −δ. Hence ((2.27)-(2.29)) take the
form
[A,B] = C, (2.31)
[A,C] = αA2 + γ{A,B}+ δA+ B + ζ, (2.32)
[B,C] = aA2 − γB2 − α{A,B}+ dA− δB + z, (2.33)
where
δ = δ(H) = δ0 + δ1H,  = (H) = 0 + 1H, d = d(H) = d0 + d1H,
ζ = ζ(H) = ζ0 + ζ1H + ζ2H
2, z = z(H) = z0 + z1H + z2H
2, (2.34)
with δi, i, di, ζi, zi being constants. The Casimir operator of the quadratic algebra Q(3)
is given by
K = C2 − α{A2, B} − γ{A,B2}+ (αγ − δ){A,B}+ (γ2 − )B2 + (γδ − 2ζ)B
+
2a
3
A3 +
(
d+
aγ
3
+ α2
)
A2 +
(a
3
+ αδ + 2z
)
A. (2.35)
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2.4.3 Deformed oscillator algebras
The realizations of the polynomial algebras in terms of the deformed oscillator algebras
are essential in deriving the energy spectra and degeneracies of quantum superintegrable
systems. In this subsection let review the results about the deformed oscillator algebra
obtained in [38,39]
[ℵ, b†] = b†, [ℵ, b] = −b, bb† = Φ(ℵ+ 1), b†b = Φ(ℵ), (2.36)
where ℵ is the number operator and Φ(x) is well behaved real function satisfying
Φ(0) = 0, Φ(x) > 0, for all x > 0. (2.37)
The realization of the quadratic algebra Q(3) in terms of (2.36) is given by
A = A(ℵ), B = b(ℵ) + b†ρ(ℵ) + ρ(ℵ)b, (2.38)
where A(x), b(x) and ρ(x) are functions. Defining
∆A(ℵ) = A(ℵ+ 1)− A(ℵ), (2.39)
then it can be shown that the following relations hold:
[A(ℵ), b†] = b†∆A(ℵ), {A(ℵ), b†} = b†(∆A(ℵ+ 1) + A(ℵ)),
[A(ℵ), b] = −∆A(ℵ)b, {A(ℵ), b} = (∆A(ℵ+ 1) + A(ℵ))b. (2.40)
By means of (2.38), one can obtain the realization of the generator C (2.31)
C = [A,B] = b†∆A(ℵ)ρ(ℵ)− ρ(ℵ)∆A(ℵ)b. (2.41)
It thus follows from (2.32) that [39]
[A,C] = b†(∆A(ℵ))2ρ(ℵ) + ρ(ℵ)(∆A(ℵ))2b
= b†(γ∆A(ℵ+ 1) + A(ℵ) + )ρ(ℵ) + ρ(ℵ)(γ∆A(ℵ+ 1) + A(ℵ) + )b
+αA(ℵ)2 + 2γA(ℵ)b(ℵ) + δA(ℵ) + b(ℵ) + ζ. (2.42)
This provides two constraints for A(ℵ) and b(ℵ):
∆A(ℵ))2 = γ∆A(ℵ+ 1) + A(ℵ) + , (2.43)
αA(ℵ)2 + 2γA(ℵ)b(ℵ) + δA(ℵ) + b(ℵ) + ζ = 0. (2.44)
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Solving (2.43) and (2.44) yields two distinct cases [39]
A(ℵ) =

√
(ℵ+ u), γ = 0,
γ
2
(
(ℵ+ u)2 − 
γ2
− 1
4
)
, γ 6= 0,
(2.45)
b(ℵ) = −α{(ℵ+ u)
2 − 1/4}
4
+
α− δγ
2γ2
−α
2 − 2δγ + 4γ2ζ
4γ4
1
(ℵ+ u)2 − 1
4
, γ 6= 0, (2.46)
ρ(ℵ) = 1
3.212.γ8(ℵ+ u)(1 + ℵ+ u){1 + 2(ℵ+ u)}2 , γ 6= 0, (2.47)
where u is a parameter. Moreover, using (2.36) and (2.38), one can show that (2.33)
becomes
2Φ(ℵ+ 1){∆A(ℵ) + γ
2
}ρ(ℵ)− 2Φ(ℵ){∆A(ℵ − 1)− γ
2
}ρ(ℵ − 1)
= aA(ℵ)2 − γb(ℵ)2 − 2γA(ℵ)b(ℵ) + dA(ℵ)− δ(ℵ) + z, (2.48)
and the Casimir (2.35) takes the form,
K = Φ(ℵ+ 1){γ2 − − 2γA(ℵ)−∆A(ℵ)2}ρ(ℵ) + Φ(ℵ){γ2 − − 2γA(ℵ)
−∆A(ℵ − 1)2}ρ(ℵ − 1)− 2αA(ℵ)2b(ℵ) + {γ2 − − 2γA(ℵ)}b(ℵ)2
+2(αγ − δ)A(ℵ)b(ℵ) + (γδ − 2ζ)b(ℵ) + 2
3
aA(ℵ)3 + (d+ 1
3
aγ + α2)A(ℵ)2
+(
1
3
a+ αδ + 2z)A(ℵ). (2.49)
(2.48) and (2.49) are linear functions of Φ(ℵ) and Φ(ℵ+ 1). Hence the function Φ(ℵ) can
be determined by using ρ(ℵ), and is given by [39]
Φ(ℵ) = −3072γ6K{2(ℵ+ u)− 1}2 − 48γ6(α2− αδγ + aγ − dγ2){2(ℵ+ u)− 3}
×{2(ℵ+ u)− 1}4{2(ℵ+ u) + 1}+ γ8(3α2 + 4aγ){2(ℵ+ u)− 3}2
×{2(ℵ+ u)− 1}4{2(ℵ+ u) + 1}2 + 768(α2 − 2δγ + 4γ2ζ)2
+32γ4{2(ℵ+ u)− 1}2{12(ℵ+ u)2 − 12(ℵ+ u)− 1}(3α22 − 6αδγ + 2a2γ
+2δ2γ2 − 4dγ2 + 8γ3z + 4αγ2ζ)− 256γ2{2(ℵ+ u)− 1}2(3α23 − 9αδ2γ
+a3γ + 6δ2γ2 − 3d2γ2 + 2δ2γ4 + 2dγ4 + 12γ3z − 4γ5z + 12αγ2ζ
−12δγ3ζ + 4αγ4ζ). (2.50)
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2.4.4 Finite-dimensional representations of polynomial algebras
We now study the finite-dimensional representations of Q(3) by means of its realization
in terms of the deformed oscillator algebra [38,39].
Let |n;E〉 be the common eigenstate of the number operator ℵ and the Hamiltonian
H,
ℵ|n;E〉 = n|n;E〉,
H|n;E〉 = E|n;E〉, n = 0, 1, 2, . . . . (2.51)
Then the action of the operators b and b† on |n;E〉 are given by
b†|n;E〉 =
√
Φ(n+ 1;E, u)|n+ 1;E〉,
b|n;E〉 =
√
Φ(n;E, u)|n− 1;E〉, (2.52)
where u is certain representation-dependent parameter. For the above representation to
be unitary and finite-dimensional, we impose the constraints on the structure function
Φ(p+ 1;E, u) = 0, Φ(0;E, u) = 0,
Φ(n;E, u) > 0, n = 1, 2, . . . , p, (2.53)
where p is a positive integer. The constraints (2.53) give rise to p+ 1-dimensional unitary
representations of Q(3). Their solutions provide the energy eigenvalues E of the associated
model.
Chapter 3
Superintegrable Kepler-Coulomb system
Acknowledgement
This chapter is based on the work that was published in Ref. [89]. I have incorporated
text of that paper [89]. In this chapter we introduce a new superintegrable Kepler-
Coulomb system with non-central terms in N -dimensional Euclidean space. We show
this system is multiseparable and allows separation of variables in hyperspherical and
hyperparabolic coordinates. We present the wave function in terms of special functions.
We give an algebraic derivation of spectrum of the superintegrable system. We show
how the so(N + 1) symmetry algebra of the N -dimensional Kepler-Coulomb system is
deformed to a quadratic algebra with only 3 generators and structure constants involving
a Casimir operator of so(N − 1) Lie algebra. We construct the quadratic algebra and the
Casimir operator. We show this algebra can be realized in terms of deformed oscillator
and obtain the structure function which yields the energy spectrum.
3.1 Introduction
Superintegrable systems form a fundamental part of mathematical theories and modern
physics such as quantum chemistry and nuclear physics. They possess many properties in
particular analytic and algebraic solvability. Moreover, they have connections to special
functions, (exceptional) orthogonal polynomials and Painleve´ transcendents. Though it
has much deeper historical roots, the modern theory of superintegrability was only started
45 years ago [63]. A systematic classification of maximally superintegrable systems is
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now complete for 2 and 3 dimensional Hamiltonians on conformally flat spaces. The
classification in higher dimensions and with higher order integrals of motion is much
more complicated. In lower dimensions much work has been done for systems involving
spins, magnetic fields and monopoles [176]. We refer the reader to this review paper for an
extended list of references, description of the properties, definitions of superintegrability
and symmetry algebra in classical and quantum mechanics. One important property of
such systems is that they possess non-abelian symmetry algebras generated by integrals
of motion. They can be embedded in non-invariance algebras involving non-commuting
operators. These symmetry algebras are in general finitely generated polynomial algebras
and only exceptionally finite dimensional Lie algebras. The most known examples whose
symmetry algebras are Lie algebras generated by integrals of motion are N -dimensional
hydrogen atom and harmonic oscillator. See [12, 13, 59, 142, 198, 209] for systems with
so(N + 1) symmetry and [7,14,98,109,141] for those with su(N) symmetry.
Quadratic algebras have been used to provide algebraic derivation of the energy spec-
trum of superintegrable systems such as the Hartmann system that models the Benzene
molecule [76]. A systematic approach for 2D superintegrable systems with quadratic
algebra involving three generators was proposed in [39]. This method is based on the
construction of the Casimir operators and the realization of the quadratic algebra as de-
formed oscillator. It has recently been generalized to 2D superintegrable systems with
cubic, quartic and more generally polynomial algebras [100]. In some cases degeneracy
patterns for the energy level are non-trivial and one needs to consider a union of fi-
nite dimensional unitary representations to obtain the correct total degeneracies. It has
been pointed out how the method can be adapted to study 3D, 4D, 5D and 8D super-
integrable systems [162, 165, 168, 210]. However, the generalization of this approach to
N -dimensional superintegrable systems is an unexplored subject. Higher-dimensional su-
perintegrable systems often lead to higher rank polynomial algebras and the structure of
these algebras is unknown.
The purpose of this chapter is to show how we can provide an algebraic derivation of the
complete energy spectrum and the total number degeneracies of the N -dimensional super-
integrable Kepler-Coulomb system with non-central terms. It is based on the quadratic
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algebra symmetry of the system with structure constant involving Casimir operator of
so(N − 1) Lie algebra. To our knowledge these type of calculations for higher dimensions
or even arbitrary dimensions have not been explored before. This is a first step in the
study of the polynomial algebra approach to general N -dimensional systems.
The structure of the chapter is as follows: In Section 2, we present a new superinte-
grable Hamiltonian system inN -dimensional Euclidean space and show that its Schrodinger
wave function is multi-separable in hyperspherical and hyperparabolic coordinates. We
present the wave function in terms of special functions and obtain its energy spectrum.
In Section 3, we give an algebraic derivation of the energy spectrum of the system. We
construct the quadratic symmetry algebra and its Casimir operators. We investigate the
realization of the quadratic algebra in terms of deformed oscillator algebra of Daskaloy-
annis [39] and obtain the structure functions which yield the energy spectrum. Finally,
in Section 4, we present some discussions with a few remarks on the physical and mathe-
matical relevance of these algebras.
3.2 New quantum superintegrable system and sepa-
ration of variables
Let us consider the following N -dimensional superintegrable Kepler-Coulomb system with
non central terms
H =
1
2
p2 − c0
r
+
c1
r(r + xN)
+
c2
r(r − xN) , (3.1)
where ~r = (x1, x2, ..., xN), ~p = (p1, p2, ..., pN), r
2 =
∑N
i=1 x
2
i , pi = −i~∂i and c0, c1, c2 are
positive real constants. This system is a generalization of the 3D system that appears in
the classification of quadratically superintegrable systems on three dimensional Euclidean
space [52,125]. The 3D system has been considered using the method of separation of vari-
ables and various results obtained. This new N -dimensional superintegrable Hamiltonian
includes as particular 3D case the Hartmann potential which has applications in quantum
chemistry [82,83]. Moreover, the classical analog of the Hartmann system possesses closed
trajectories and thus periodic motion [124]. Such 3D models with non central potentials
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have also found applications in context of pseudo-spin symmetries in relativistic quan-
tum mechanics and regard of the Klein Gordon and Dirac equations [32, 80, 227]. The
N -dimensional model introduced here could have wider applicability and other aspects
as quasi-exactly solvable deformations could be investigated. Moreover, it has also been
shown that the 3D and 5D particular cases are still superintegrable with appropriate vec-
tor potentials, that are in fact respectively an Abelian monopole and nonAbelian su(2)
monopole [150,184,215]. In addition, it has also been demonstrated that these 3D and 5D
models with vector potentials admit dual that are also superintegrable. These properties
make the N -dimensional generalisation to be highly interesting. In this section we apply
separation of variables to (3.1).
3.2.1 Hyperspherical Coordinates
The N -dimensional hyperspherical coordinates are given by
x1 = r sin(ΦN−1) sin(ΦN−2) · · · sin(Φ1),
x2 = r sin(ΦN−1) sin(ΦN−2) · · · cos(Φ1),
...
...
xN−1 = r sin(ΦN−1) cos(ΦN−2),
xN = r cos(ΦN−1), (3.2)
where theN xi’s are Cartesian coordinates in the hyperspherical coordinates, {Φ1, . . . ,ΦN−1}
are the hyperspherical angles and r is the hyperradius. The Schrodinger equation Hψ =
Eψ in N -dimensional hyperspherical coordinates can be expressed as[
∂2
∂r2
+
N − 1
r
∂
∂r
− 1
r2
Λ2(N) +
2c′0
r
− 2c
′
1
r2(1 + cos ΦN−1)
− 2c
′
2
r2(1− cos ΦN−1) + 2E
′
]
ψ(r,Ω) = 0, (3.3)
where c′0 =
c0
~2 , c
′
1 =
c1
~2 , c
′
2 =
c2
~2 and E
′ = E~2 ; and Λ
2(N) is the grand angular momentum
operator which satisfies the recursive formula
−Λ2(N) = ∂
2
∂Φ2N−1
+ (N − 2) cot(ΦN−1) ∂
∂ΦN−1
− Λ
2(N − 1)
sin2(ΦN−1)
, (3.4)
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valid for all N and Λ2(1) = 0. The separation of the radial and angular parts of (3.3)
ψ(r,Ω) = R(r)y(ΩN−1) (3.5)
gives rise to
d2R
dr2
+
N − 1
r
dR
dr
+
(
2c′0
r
+ 2E ′ − A
r2
)
R = 0, (3.6)[
Λ2(N) +
2c′1
1 + cos(ΦN−1)
+
2c′2
1− cos(ΦN−1) − A
]
y(ΩN−1) = 0, (3.7)
where A is the separation constant and N > 1. Again we may separate the variables of
(3.7) [5, 202]
y(ΩN−1) = Θ(ΦN−1)y(ΩN−2), (3.8)
we obtain [
∂2
∂Φ2N−1
+ (N − 2) cot(ΦN−1) ∂
∂ΦN−1
− 2c
′
1
1 + cos ΦN−1
− 2c
′
2
1− cos ΦN−1
+A− IN−2(IN−2 +N − 3)
sin2 ΦN−1
]
Θ(ΦN−1) = 0 (3.9)
and [
Λ2(N − 1)− IN−2(IN−2 +N − 3)
]
y(ΩN−2) = 0, (N > 2), (3.10)
where IN−2(IN−2 +N−3) is the separation constant and IN−2 ∈ Z. The solution of (3.10)
is obtained recursively in N .
We now turn to (3.9), which can be converted, by setting z = cos(ΦN−1) and Θ(z) =
(1 + z)a(1− z)bf(z), to
(1− z2)f ′′(z) + {2a− 2b− (2a+ 2b+N − 1)z}f ′(z)
+{A− (a+ b)(a+ b+N − 2)}f(z) = 0, (3.11)
where 2a = δ1 + IN−2, 2b = δ2 + IN−2 and
δi = {
√
(IN−2 +
N − 3
2
)2 + 4c′i −
N − 3
2
} − IN−2, i = 1, 2. (3.12)
Comparing (3.11) with the Jacobi differential equation
(1− x2)y′′ + {β − α− (α + β + 2)x}y′ + λ(λ+ α + β + 1)y = 0, (3.13)
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we obtain the separation constant
A = (l +
δ1 + δ2
2
)(l +
δ1 + δ2
2
+N − 2), (3.14)
where l = λ + IN−2. Hence the solutions of (3.11) are given in terms of the Jacobi
polynomials as
Θ(ΦN−1) = ΘlIN−2(ΦN−1;δ1,δ2)
= FlIN−2(δ1, δ2)(1 + cos(ΦN−1))
(δ1+IN−2)
2 (1− cos(ΦN−1))
(δ2+IN−2)
2
×P (δ2+IN−2,δ1+IN−2)l−IN−2 (cos(ΦN−1)), (3.15)
where P
(α,β)
λ denotes a Jacobi polynomial and l ∈ N. The normalization constant
FlIN−2(δ1, δ2) in (3.15) is given by
FlIN−2 (δ1, δ2) =
(−1)(IN−2−|IN−2|)/2
2|IN−2|
×
√
(2l + δ1 + δ2 +N − 2)(l − |IN−2|)!Γ(l + IN−2 + δ1 + δ2 +N − 2)
2δ1+δ2+N−1piΓ(l + δ1 +N − 2)Γ(l + δ2 +N − 2) .(3.16)
Let us now turn to the radial equation. Using (3.14), we have
d2R
dr2
+
N − 1
r
dR
dr
+
[
2c′0
r
+ 2E ′ − 1
r2
(l +
δ1 + δ2
2
)(l +
δ1 + δ2
2
+N − 2)
]
R = 0. (3.17)
(3.17) can be converted, by setting z = εr, R(z) = zl+
δ1+δ2
2 e−
z
2 f(z) and E ′ = −ε
2
8
, to
z
d2f(z)
dz2
+ {(2l + δ1 + δ2 +N − 1)− z}df(z)
dz
−
(
l +
δ1 + δ2
2
+
N − 1
2
− 2c
′
0
ε
)
f(z) = 0.(3.18)
Set
n =
2c′0
ε
− δ1 + δ2
2
− N − 3
2
. (3.19)
Then (3.18) can be written as
z
d2f(z)
dz2
+ {(2l + δ1 + δ2 +N − 1)− z}df(z)
dz
− (−n+ l + 1)f(z) = 0. (3.20)
This is the confluent hypergeometric equation. Hence we can write the solution of (3.17)
in terms of the confluent hypergeometric function as
R(r) ≡ Rnl(r; δ1, δ2) = Fnl(δ1, δ2)(εr)l+
δ1+δ2
2 e
−εr
2
×1F1(−n+ l + 1, 2l + δ1 + δ2 +N − 1; εr). (3.21)
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The normalization constant Fnl(δ1, δ2) from the above relation is given by
Fnl(δ1, δ2) =
2(−c′0)3/2
(n+ δ1+δ2
2
)2
1
Γ(2l + δ1 + δ2 +N − 1)
×
√
Γ(n+ l + δ1 + δ2 +N − 2))
(n− l − 1)! . (3.22)
In order to have a discrete spectrum the parameter n needs to be positive integer. From
(3.19)
ε =
2c0
~2(n+ δ1+δ2
2
+ N−3
2
)
(3.23)
and hence the energy E = −ε
2~2
8
is given by
E ≡ En = − c
2
0
2~2(n+ δ1+δ2
2
+ N−3
2
)2
, n = 1, 2, 3, .... (3.24)
Here n is the principal quantum number.
3.2.2 Hyperparabolic Coordinates
The N -dimensional hyperparabolic coordinates are given by
x1 =
√
ξη sin(ΦN−2) · · · sin(Φ1),
x2 =
√
ξη sin(ΦN−2) · · · cos(Φ1),
...
...
xN−1 =
√
ξη cos(ΦN−2),
xN =
1
2
(ξ − η),
r =
ξ + η
2
, (3.25)
where theN xi’s are Cartesian coordinates in the hyperparabolic coordinates, {Φ1, . . . ,ΦN−1}
are the hyperparabolic angles and the parabolic coordinates ξ, η range from 0 to∞. The
Schrodinger equation Hψ = Eψ in the hyperparabolic coordinates can be written as[
− 2
ξ + η
{
∆(ξ) + ∆(η)− ξ + η
4ξη
Λ2(ΩN−1)
}
− 2c
′
0
ξ + η
+
2c′1
ξ(ξ + η)
+
2c′2
η(ξ + η)
]
U(ξ, η,ΩN−1) = E ′U(ξ, η,ΩN−1), (3.26)
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where Λ2(N) is the grand angular momentum operator defined in the previous subsection
and
∆(ξ) = ξ−
N−3
2
∂
∂ξ
ξ
N−1
2
∂
∂ξ
, ∆(η) = η−
N−3
2
∂
∂η
η
N−1
2
∂
∂η
,
c′0 =
c0
~2
, c′1 =
c1
~2
, c′2 =
c2
~2
and E ′ =
E
~2
.
The equation can be separated in radial and angular parts by setting
U(ξ, η,ΩN−1) = U1(ξ, η)y(ΩN−1), (3.27)
we obtain two equations[
∆(ξ) + ∆(η)− c
′
1
ξ
− c
′
2
η
+
E ′
2
ξ +
E ′
2
η + c′0 −
1
4ξ
IN−2(IN−2 +N − 3)
− 1
4η
IN−2(IN−2 +N − 3)
]
U1(ξ, η) = 0 (3.28)
and
Λ2(ΩN−1)y(ΩN−1) = IN−2(IN−2 +N − 3)y(ΩN−1), (3.29)
where IN−2(IN−2 +N−3) being the general form of the separation constant. The solution
of (3.29) is well-known. By looking for solution of (3.28) of the form
U1(ξ, η) = f1(ξ)f2(η), (3.30)
we get two coupled equations[
∆(ξ)− c
′
1
ξ
+
E ′
2
ξ − 1
4ξ
IN−2(IN−2 +N − 3) + v1
]
f1(ξ) = 0, (3.31)[
∆(η)− c
′
2
η
+
E ′
2
η − 1
4η
IN−2(IN−2 +N − 3) + v2
]
f2(η) = 0, (3.32)
where v2 = −v1− c′0 and v1 is the separating constant. Putting z1 = εξ in (3.31), z2 = εη
in (3.32), and E ′ = −ε2, these two equations become
zi
d2fi
dz2i
+
(
δ1 + IN−2 +
N − 1
2
− zi
)
dfi
dzi
−
(
δ1 + IN−2 + N−12
2
− 1
ε
vi
)
fi = 0, (3.33)
where
δi =
{√
(IN−2 +
N − 3
2
)2 + 4c′i −
N − 3
2
}
− IN−2, i = 1, 2.
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Let us now denote
ni = −1
2
(
δi + IN−2 +
N − 1
2
)
+
1
ε
vi, i = 1, 2. (3.34)
Then (3.33) can be identified with the Laguerre differential equation. Thus we have the
normalized wave function
U(ξ, η,ΩN−1) = Un1n2IN−2(ξ, η,ΩN−1; δ1, δ2)
=
~ε2√−8c0
fn1IN−2(ξ; δ1)fn2IN−2(η; δ2)
eiIN−2ΩN−1√
2pi
, (3.35)
where
fniIN−2(ti; δi) ≡ fi(ti) =
1
Γ(IN−2 + δi + N−12 )
√
Γ(ni + IN−2 + δi + N−12 )
ni!
×(ε
2
ti)
(IN−2+δi)/2e−εti/4 × 1F1(−ni, IN−2 + δi + N − 1
2
;
ε
2
ti),
i = 1, 2 and t1 ≡ ξ, t2 ≡ η. We look for the discrete spectrum and thus n1 and n2 are
both positive integers.
An expression for the energy of the system in terms of n1 and n2 can be found by
using E = −~2ε2 in (3.34) to be
E ≡ E(n1,n2) =
−c20
~2{n1 + n2 + 12(δ1 + δ2 + 2IN−2 +N − 1)}2
. (3.36)
We can relate the quantum numbers in (3.24) and (3.36) by the following relation
n1 + n2 + IN−2 = n− 1, (3.37)
where n1, n2 = 0, 1, 2, ....
3.3 Algebraic derivation of the energy spectrum
In this section we present an algebraic derivation of the energy spectrum for the non-
central Kepler-Coulomb system in N -dimension. For this purpose we recall some facts
about the central Kepler-Coulomb system in the next subsection.
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3.3.1 Kepler-Coulomb System
The Hamiltonian of the (central) Kepler-Coulomb system in N -dimensional Euclidean
space is given by
H =
1
2
p2 − c0
r
, (3.38)
where ~r = (x1, x2, ..., xN), ~p = (p1, p2, ..., pN), r
2 =
∑N
i=1 x
2
i and pi = −i~∂i. This system
has integrals of motion given by the Runge-Lenz vector
Mj =
1
2
N∑
i=1
(Ljipi − piLij)− c0xj
r
(3.39)
= −xj(1
2
p2 +H) +
N∑
i=1
xipipj − N − 1
2
i~pj − c0xj
r
(3.40)
and the angular momentum
Lij = xipj − xjpi (3.41)
for i, j = 1, 2, ..., N . They commute with the Hamiltonian (3.38),
[Lij, H] = [Mi, H] = 0.
The Runge-Lenz vector and angular momentum components generate a Lie algebra iso-
morphic to so(N + 1) for bound states and so(N, 1) for scattering state,
[Lij, Lkl] = i(δikLjl + δjlLik − δilLjk − δjkLil)~,
[Mi,Mj] = −2i~HLij, [Mk, Lij] = i~(δikMj − δjkMi).
An algebraic derivation of the energy spectrum was obtained using a chain of second
order Casimir operators (i.e., subalgebra chain so(N + 1) ⊃ so(N) ⊃ ... ⊃ so(2) ) to
define appropriate quantum numbers [12,14,59,142,198,209]. Another derivation consists
in using higher order Casimir operators. This has been performed for the five dimensional
hydrogen atom for which the so(6) Casimir operators of order two, three and four, and
the related eigenvalues were used to calculate the energy spectrum [215]. The calculation
was involved and to our knowledge no such calculation for higher dimensions or even
arbitrary dimensions have been done. Let us also remark that the symmetry algebra is
not the only algebraic structure of interest and one can use various embeddings of the
symmetry algebra into a larger one called non-invariance algebra to perform algebraic
derivation in particular for so(4, 2), so(7, 4) and sp(8, R) [15, 126,204].
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3.3.2 Quadratic Poisson algebra in the non-central Kepler-Coulomb
system
We now consider the non-central Kepler-Coulomb system with Hamiltonian given by (3.1).
This system is superintegrable. The system has the following second order integrals of
motion
A =
N∑
i<j
L2ij +
2rc1
r + xN
+
2rc2
r − xN , (3.42)
B = −MN + c1(r − xN)
r(r + xN)
− c2(r + xN)
r(r − xN) . (3.43)
This can be checked by proving
{H,A}p = 0 = {H,B}p,
where { , }p is the Poisson bracket defined as {X, Y }p =
∑n
j=1(
∂X
∂pj
∂Y
∂qj
− ∂X
∂qj
∂Y
∂pj
). We
still have first order integrals of motion
Lij = xipj − xjpi for i, j = 1, . . . , N − 1
as {H,Lij}p = 0. The system is minimally superintegrable as it allows N + 1 integrals
of motion and in 3D the potential reduces to the Hartmann system which described
axially symmetric systems (i.e. ring-shaped molecules) [82, 83] which is also known to
be minimally superintegrable. The integrals are H, A, B and N − 2 components of the
angular momentum Lij. Define
J2 =
N−1∑
i<j
L2ij. (3.44)
J2 is the Casimir operator of the so(N−1) Lie algebra and is also a central element of the
Poisson algebra. Other Casimir operators are associated to this so(N − 1) Lie algebra.
After a long computation, we can show that the integrals of motion generate the quadratic
Poisson algebra,
{A,B}p = C, (3.45)
{A,C}p = −4AB + 4(c1 − c2)c0, (3.46)
{B,C}p = 2B2 − 8HA+ 4J2H + 8(c1 + c2)H − 2c20, (3.47)
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where
C = −
N∑
i,j
2xixjpipjpN +
N∑
i
[2r2p2i pN +
2c0
r
xixNpi − 2c1
r
xipi
+
2c2
r
xipi]− 2c0rpN + 4c1rpN
r + xN
+
4c2rpN
r − xN . (3.48)
The first order integrals of motion generate a so(N − 1) Lie algebra
{Lij, Lkl}p = δikLjl + δjlLik − δilLjk − δjkLil,
for i, j, k, l = 1, ..., N − 1. Moreover, {A,Lij}p = 0 = {B,Lij}p. So the full symmetry
algebra is a direct sum of the quadratic algebra and so(N−1) Lie algebra. Thus so(N+1)
symmetry algebra in the central Kepler-Coulomb system is deformed to the quadratic
algebra with defined by (3.45)-(3.47). Its Casimir operator is given by
K = C2 + 4AB2 − 8(c1 − c2)c0B − 8HA2 + [16(c1 + c2)H + 8J2 − 4c20]A.(3.49)
Using the realization for A, B, C (i.e. (3.42), (3.43) and (3.48)), we can show that the
Casimir operator (3.49) becomes in terms of the central elements H and J2
K = 8(c1 − c2)2H − 8(c1 + c2)c20 − 4c20J2. (3.50)
The study of the Poisson algebra and its Casimir operator is important as they will
correspond to the lowest order terms in ~ the quadratic algebra and Casimir operator of
the corresponding quantum system.
3.3.3 Quadratic algebra in the quantum non-central Kepler-
Coulomb system
We now consider the Hamiltonian of the quantum non-central Kepler-Coulomb system
H =
1
2
p2 − c0
r
+
c1
r(r + xN)
+
c2
r(r − xN) . (3.51)
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Similar to the classical case, the integrals of motion are
A =
N∑
i<j
L2ij +
2rc1
r + xN
+
2rc2
r − xN , (3.52)
B = −MN + c1(r − xN)
r(r + xN)
− c2(r + xN)
r(r − xN) , (3.53)
J2 =
N−1∑
i<j
L2ij. (3.54)
We still have a set of first order integrals of motion
Lij = xipj − xjpi for i, j = 1, ..., N − 1.
The integral of motion A is associated with the separation of variables in hyperspheri-
cal coordinates and the integral of motion B is associated with the separation of vari-
ables in hyperparabolic coordinates. There is no other coordinates systems in which the
Schrodinger equation, related to this model admits separation of variables, as this is con-
nected to the existence of second order integrals of motion. We can easily verify the
commutation relations
[H,A] = [H,B] = [H, J2] = [A, J2] = [B, J2] = [H,Lij] = [Lij, J
2] = 0.
For later convenience we present a diagram representation of the above commutation
relations
A J2 B
H
J2 Lij
H
(3.55)
The left figure shows that J2 is a central element. The right figure illustrates J2 is the
Casimir operator of so(N − 1) Lie algebra realized by angular momentum Lij, i, j =
1, 2, ..., N − 1.
After a long direct but involving analytical computations and the use of various com-
mutation identities and relations, we can show that the integrals of motion close to the
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quadratic algebra Q(3),
[A,B] = C, (3.56)
[A,C] = 2~2{A,B}+ (N − 1)(N − 3)~4B − 4(c1 − c2)~2c0, (3.57)
[B,C] = −2~2B2 + 8~2HA− 4~2J2H + (N − 1)2~4H
−8~2(c1 + c2)H + 2~2c20, (3.58)
where
C = −
N∑
i,j
2i~xixjpipjpN +
N∑
i
[2i~r2p2i pN + 2~2xNp2i − 2N~2xipipN
+
2i~c0
r
xixNpi − 2i~c1
r
xipi +
2i~c2
r
xipi] +
i~3
2
(N − 1)2pN
−2i~c0rpN + 4rc1
r + xN
i~pN +
4rc2
r − xN i~pN +
(N − 1)c0
r
~2xN
−(N + 1)r + (N − 3)xN
r(r + xN)
c1~2 +
(N + 1)r − (N − 3)xN
r(r − xN) c2~
2. (3.59)
This quadratic algebra is the quantization of the Poisson algebra in the previous subsec-
tion. It can be shown that the Casimir operator is
K = C2 − 2~2{A,B2}+ [4~4 − (N − 1)(N − 3)~4]B2 + 8(c1 − c2)~2c0B
+8~2HA2 + 2[−4~2J2H + (N − 1)2~4H − 8~2(c1 + c2)H2 + 2~2c20]A. (3.60)
By means of the explicit expressions of A, B, C (i.e. (3.52), (3.53) and (3.59)), we can
show that the Casimir operator (3.60) becomes in terms of the central elements H and
J2,
K = 2(N − 3)(N − 1)~4HJ2 − 8~2(c1 − c2)2H + 4(N − 3)(N − 1)(c1 + c2)~4H
−~6(N − 3)(N − 1)2H + 4~2c20J2 + 8~2(c1 + c2)c20 − 2(N − 3)~4c20. (3.61)
The first order integrals also generate a so(N − 1) Lie algebra as in the classical case
[Lij, Lkl] = i(δikLjl + δjlLik − δilLjk − δjkLil)~, (3.62)
for i, j, k, l = 1, .., N − 1. Furthermore, [A,Lij] = 0 = [B,Lij]. So the full symmetry
algebra is the direct sum of Q(3) and so(N − 1) (i.e. Q(3) ⊕ so(N − 1)). A chain of
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second and higher order Casimir operators are associated with this so(N −1) component.
However for the purpose of the algebraic derivation of the spectrum we rely mainly on
the quadratic algebra and its Casimir operator.
The quadratic algebra (3.56)-(3.58) can be realized in terms of the generator of the
deformed oscillator algebra {ℵ, b†, b} [38] which satisfies
[ℵ, b†] = b†, [ℵ, b] = −b, bb† = Φ(ℵ+ 1), b†b = Φ(ℵ), (3.63)
where ℵ is the number operator and Φ(x) is real function such that Φ(0) = 0 and Φ(x) > 0
for all x > 0. The realization of the quadratic algebra Q(3) is of the form A = A(ℵ),
B = b(ℵ) + b†ρ(ℵ) + ρ(ℵ)b, where A(x), b(x) and ρ(x) are functions. Similarly as the case
of quadratic algebra for 2D superintegrable systems [39], we obtain
A(ℵ) = ~2{(ℵ+ u)2 − (N − 1)(N − 3)
4
− 1
4
}, (3.64)
b(ℵ) = −1
4~4{(ℵ+ u)2 − 1
4
} , (3.65)
ρ(ℵ) = 1
3.220.~16(ℵ+ u)(1 + ℵ+ u){1 + 2(ℵ+ u)}2 , (3.66)
where u is a constant determined from the constraints on the structure function. We
now construct the structure function Φ(x) by using the Casimir operator (3.60) and the
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quadratic algebra ((3.56), (3.57),(3.58)) as
Φ(x, u,H) = 3145728c20(c1 − c2)2h12 − 196608h12[8c20(c1 + c2)h2
−8(c1 − c2)2h2H + 4c20h2J2 − 2c20h4(N − 3) + 4(c1 + c2)h4H
(N − 3)(N − 1) + 2h4HJ2(N − 3)(N − 1)− h6H(N − 3)
(N − 1)2]{−1 + 2(x+ u)}2 − 1024h4[−128h10{2c20h2
−8(c1 + c2)h2H − 4h2HJ2 + h4H(N − 1)2}+ 256h14H
(N − 3)(N − 1) + 96h10{2c20h2 − 8(c1 + c2)h2H
−4h2HJ2 + h4H(N − 1)2}(N − 3)(N − 1)− 96h14H
(N − 3)2(N − 1)2]{−1 + 2(x+ u)}2 + 98304h18H
{−3 + 2(x+ u)}{−1 + 2(x+ u)}4{1 + 2(x+ u)}
+512h8[64h6{2c20h2 − 8(c1 + c2)h2H − 4h2HJ2
+h4H(N − 1)2} − 128h10H(N − 3)(N − 1)]{−1
+2(x+ u)}2{−1− 12(x+ u) + 12(x+ u)2}. (3.67)
Here we have also used the expression (3.61) for the Casimir.
A set of quantum numbers can be defined in same way as [198] with a subalgebra
chain for so(N − 1) Lie algebra and the related Casimir operators. Thus the eigenvalue
of J2 is ~2IN−2(IN−2 +N − 3). Also as we act with the structure function Φ(x) on Fock
basis |n,E > with ℵ|n,E >= n|n,E >, H in Φ(x, u,H) can be replaced by E.
To obtain unitary representations we should impose the following three constraints on
the structure function :
Φ(p+ 1, u, E) = 0, Φ(0, u, E) = 0, Φ(x) > 0, ∀x > 0, (3.68)
where p is a positive integer. These constraints ensure the representations are unitary
and finite (p+ 1)-dimensional. The solution of these constrains gives us the energy E and
the arbitrary constant u.
From (3.67) and eigenvalues of J2 and H, the structure function takes the follow-
ing factorized form that will greatly simplifies the analysis of finite dimensional unitary
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representations:
Φ(x) = 6291456E~18[x+ u− 1−m1 −m2
2
][x+ u− 1−m1 +m2
2
]
×[x+ u− 1 +m1 −m2
2
][x+ u− 1 +m1 +m2
2
]
×[x+ u− (1
2
− c0
~
√−2E )][x+ u− (
1
2
+
c0
~
√−2E )] (3.69)
with ~2m21,2 = 16c1,2 + (4(IN−2(IN−2 +N − 3)) + (N − 3)2)~2.
From the condition (3.68), we obtain all possible structure functions and energy spec-
tra, for 1 = ±1, 2 = ±1.
Set-1:
u =
1
2
+
c0
~
√−2E , E =
−2c20
h2(2 + 2p+ 1m1 + 2m2)2
(3.70)
and
Φ(x) =
786432c20h
16x[2 + 2p+ x+ 1m1 + 2m2]
(2 + 2p+ 1m1 + 2m2)2
×[2 + 2p− 2x+ (1 + 1)m1 + (1 + 2)m2]
×[2x− 2− 2p+ (1− 1)m1 − (1 + 2)m2]
×[2x− 2p− 2 + (1− 1)m1 + (1− 2)m2]
×[2x− 2p− 2− (1 + 1)m1 + (1− 2)m2]. (3.71)
Set-2:
u =
1
2
− c0
~
√−2E , E =
−2c20
h2(2 + 2p+ 1m1 + 2m2)2
(3.72)
and
Φ(x) =
786432c20h
16x[2 + 2p− x+ 1m1 + 2m2]
(2 + 2p+ 1m1 + 2m2)2
×[2 + 2p+ 2x+ (1 + 1)m1 + (1 + 2)m2]
×[2 + 2p+ 2x− (1− 1)m1 − (1− 2)m2]
×[2 + 2p+ 2x+ (1 + 1)m1 − (1− 2)m2]
×[2 + 2p+ 2x− (1− 1)m1 + (1 + 2)m2]. (3.73)
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Set-3:
u =
1
2
(1 + 1m1 + 2m2), E =
−2c20
h2(2 + 2p+ 1m1 + 2m2)2
(3.74)
and
Φ(x) =
786432c20h
16[1 + p− x]
(2 + 2p+ 1m1 + 2m2)2
[1 + p+ x+ 1m1 + 2m2]
×[2 + 2p+ (1 + 1)m1 − (1− 2)m2][2 + 2p+ (1 + 1)m1 + (1 + 2)m2]
×[2 + 2p− (1− 1)m1 + (1 + 2)m2][2x− (1− 1)m1 − (1− 2)m2]. (3.75)
The structure functions are positive for the constraints ε1 = 1, ε2 = 1 and m1,m2 > 0.
Using formula (3.12), we can write m1 and m2 in terms of δ1, δ2 and IN−2 as m1 =
1
2
(3 − 2IN−2 − N − 2δ1), m2 = 12(3 − 2IN−2 − N − 2δ2). Making the identification
p = n1 + n2, the energy spectrum becomes (3.36).
3.4 Conclusion
One of the main results of this chapter is the construction of the quadratic algebra for
the N -dimensional non-central Kepler-Coulomb system. We obtain the Casimir operators
and derive the structure function of the deformed oscillator realization of the quadratic
algebra. The finite dimensional unitary representations of the algebra yield the energy
spectrum. We compare our results with those obtained from separation of variables.
Algebra structures appearing in N -dimensional superintegrable systems are an un-
explored area. More complicated polynomial algebra structures are expected in general
and it is non-trivial to generalise the present approach to these cases. Let us mention
the possible generalizations to monopole interaction and their dual based on [162, 165].
Moreover, the classification of certain families of superintegrable systems with quadratic
integrals of motion in N -dimensional curved spaces have been done and their quadratic
algebra structures should be studied [9]. In recent a paper [199] a superintegrable system
with spin has been obtained. An algebraic derivation of the spectrum would be of interest.
Let us point out that 2D superintegrable systems and their quadratic algebras have
been related to the full Askey scheme of orthogonal polynomials via a contraction process.
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This illustrates a deep conection between superintegrable systems, orthogonal polynomials
and quadratic algebras [120]. The relations between the quadratic algebras of superin-
tegrable systems involving Dunkl operators and special functions have been studied in a
series of papers [65,66]. It would be interesting to generalize the results to N -dimensional
superintegrable systems.
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Chapter 4
Superintegrable harmonic oscillators
Acknowledgement
This chapter is based on the work that was published in Ref. [90]. I have incorporated text
of that paper [90]. In this chapter, we introduce a new family of N -dimensional quantum
superintegrable model consisting of double singular oscillators of type (n,N − n). The
special cases (2, 2) and (4, 4) were previously identified as the duals of 3- and 5-dimensional
deformed Kepler-Coulomb systems with u(1) and su(2) monopoles, respectively. The
models are multiseparable and their wave functions are obtained in (n,N − n) double-
hyperspherical coordinates. We obtain the integrals of motion and construct the finitely
generated polynomial algebra that is the direct sum of a quadratic algebra Q(3) involving
three generators, so(n), so(N−n) (i.e. Q(3)⊕so(n)⊕so(N−n) ). The structure constants
of the quadratic algebra themselves involve the Casimir operators of the two Lie algebras
so(n) and so(N − n). Moreover, we obtain the finite dimensional unitary representations
(unirreps) of the quadratic algebra and present an algebraic derivation of the degenerate
energy spectrum of the superintegrable model.
4.1 Introduction
The isotropic and anisotropic harmonic oscillators [7,14,25,61,98,109,141,177] are among
the most well known maximally superintegrable systems with applications in various areas
of physics. However, the aspect of symmetry algebras generated by well-defined integrals
of motion is a complicated issue in quantum mechanics as recognized in early work by
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Jauch and Hill [109]. In the case of the isotropic harmonic oscillator in N -dimensional
Euclidean space one can apply finite dimensional unitary representations (unirreps) and
Gel’fand invariants and their eigenvalues of the Lie algebra su(n) to provide an algebraic
derivation of the spectrum and the degeneracies [98]. The 3D case of isotropic harmonic
oscillator was discussed using what is now called the Fradkin tensor and connected to su(3)
generators [61]. There are however various embeddings of the symmetry algebra, some
with operators that do not commute with the Hamiltonian [141], in terms of su(n + 1),
su(n, 1) and sp(n). The anisotropic case has been for a long time the subject of research
due to its various applications in nuclear physics. An analysis based on well-defined
integrals of motion and polynomial algebras of arbitrary order is known only in the 2D
case [22].
It is also known for a long time that the harmonic oscillator in 2-dimensional Euclidean
space is related to the 2D Kepler-Coulomb system via the so-called Levi-Civita or regular-
isation transformation [139]. This transformation however can only be extented to certain
specific dimensions. The 3- and the 5-dimensional Kepler-Coulomb systems are related
to the harmonic oscillators in 4- and 8-dimensional Euclidean space respectively via the
Kustaanheimo-Stiefel and the Hurwitz transformations [97, 132] and these results can be
extended to curved spaces [111]. The Kustaanheimo-Stiefel transformations are connected
to the so-called Sta¨ckel transformations and were used to classify superintegrable systems
in conformally flat spaces [112, 113, 176]. These are specific Levi-Civita, Kustaanheimo-
Stiefel and Hurwitz transformations. The above-mentioned connections between various
models can be reinterpreted in terms of monopole interactions: the 4D harmonic oscillator
has a duality relation with 3-dimensional Kepler system with an Abelian u(1) monopole
( also refered to as MICZ-Kepler systems) [6,18,45,56,108,174,228] and the 8D harmonic
oscillator is in fact dual to 5D Kepler-Coulomb system with a non-Abelian su(2) monopole
(Yang -Coulomb monopole) [147–150,178,185–187,215].
It has been discovered that some of these duality relations can be extended to deformed
MICZ-Kepler systems and 4D singular oscillators that are sums of two 2D singular os-
cillators. It was proven that the superintegrability and multiseparability properties are
preserved [151,153,183,197,203,214]. The dual of the 4D singular oscillator has interesting
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properties and its classical analog has period motion [214]. It has been recognized this is
also the case for the dual of the 8D singular oscillator [165]. Moreover, it has been shown
that a quadratic algebra structure exists for these two models with monopole interactions
and their duals [162,165].
In this chapter, we introduce a new family of N -dimensional superintegrable singular
oscillators with arbitrary partition (n, N − n) of the coordinates. This model is a gen-
eralization of the 4D and 8D systems [162,165,183] obtained from monopole systems via
the Hurwitz transformations. However, even in 4 and 8 dimensions only the symmetric
cases (2, 2) and (4, 4) were studied [153,162]. We show that quadratic algebra structures
exist for all members of the family and can be used to obtain the energy spectrum. An-
other main objective of this chapter is to extend the analysis presented in [89] to more
complicated algebraic structures.
The chapter is organized as follow. In Section 2, we present the integrals of motion
of the new family of superintegrable systems. In Section 3, we obtain the quadratic
algebra and present the Poisson analog and their Casimir operator. We also highlight
the structure of higher rank quadratic algebra and the decomposition. In Section 4,
we generalize the realizations as deformed oscillator algebra, construct the Fock space
and obtain the finite-dimensional unitary representations (unirreps). We also using this
analysis provide an algebraic derivation of the energy spectrum. In Section 5, we use the
method of separation of variables in double hyperspherical coordinates and compare with
the results obtain algebraically. In the closing section 6, we present some discussion with
few remarks on the physical and mathematical relevance of these algebras.
4.2 New family of superintegrable system
Let us consider a family of N -dimensional superintegrable Hamiltonians involving singular
terms with any two partitions of the coordinates (n,N − n)
H =
p2
2
+
ω2r2
2
+
c1
x21 + ...+ x
2
n
+
c2
x2n+1 + ...+ x
2
N
, (4.1)
where ~r = (x1, x2, ..., xN), ~p = (p1, p2, ..., pN), r
2 =
∑N
i=1 x
2
i , pi = −i~∂i and c1, c2
are positive real constants. This family of systems represents the sum of two singular
44 Chapter 4. Superintegrable harmonic oscillators
oscillators of dimensions n and N − n. It is a generalization of the 4D and 8D systems
obtained via the Hurwitz transformation for specific case (2,2) in 4D [162,183] and (4,4)
in 8D [165]. In fact model (4.1) not only contains cases (2,2) and (4,4), but also cases
(1,3) and (1,7), (2,6), (3,5) for 4D and 8D respectively. An algebraic derivation of the
energy spectrum has previously been obtained only for the two symmetric cases (2,2) and
(4,4).
The system (4.1) has the following integrals of motion
A = −h
2
4
{
N∑
i,j=1
x2i∂
2
xj
−
N∑
i,j=1
xixj∂xi∂xj − (N − 1)
N∑
i=1
xi∂xi
}
+
1
2
N∑
i=1
x2i
{
c1
x21 + ...+ x
2
n
+
c2
x2n+1 + ...+ x
2
N
}
, (4.2)
B =
1
2
{
n∑
i=1
p2i −
N∑
i=n+1
p2i
}
+
ω2
2
{
n∑
i=1
x2i −
N∑
i=n+1
x2i
}
+
c1
x21 + ...+ x
2
n
− c2
x2n+1 + ...+ x
2
N
, (4.3)
which can be verified to fulfill the commutation relation
[H,A] = 0 = [H,B].
The first order integrals of motion are given by
Jij = xipj − xjpi, i, j = 1, 2, ...., n, (4.4)
Kij = xipj − xjpi, i, j = n+ 1, ...., N. (4.5)
The integrals of motion A and B are associated with the separation of variables in double
hyper-Eulerian and double hyperspherical coordinates respectively. Let
J(2) =
∑
i<j
J2ij, K(2) =
∑
i<j
K2ij. (4.6)
J(2) and K(2) represent the second order Casimir operators and fulfill the commutation
relations
[H, J(2)] = 0 = [H,K(2)], [A, J(2)] = 0 = [B, J(2)]
[B,K(2)] = 0 = [A,K(2)], [J(2), K(2)] = 0. (4.7)
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These commutation relations can be conveniently represented by the following diagrams
J(2) K(2)
A B
H
(4.8)
K(2) Kij
H
J(2) Jij
H
(4.9)
The first diagram shows that J(2) and K(2) are central elements. The second and third
diagrams show that J(2) and K(2) are the Casimir operators of so(n) and so(N − n) Lie
algebras realized by angular momentum Jij, i, j = 1, 2, ...., n and Kij, i, j = n + 1, ...., N
respectively. The models are minimally superintegrable and the total number of alge-
braically independant integrals is N + 1. The construction of the minimally superinte-
grable systems is interesting, as research has so far mainly focused on maximally super-
integrable systems. In the next section, we construct the quadratic algebra, its Casimir
operator and finite dimensional unitary representations which give the energy spectrum
of the superintegrable systems.
4.3 Quadratic algebra structure
We present in this section quadratic algebra structure Q(3) of the superintegrable Hamil-
tonian systems (4.1). We show how the su(N) symmetry algebra of isotropic harmonic
oscillator is broken to Q(3)⊕ so(n)⊕ so(N − n).
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4.3.1 The isotropic harmonic oscillator and su(N)
In this subsection we review some facts about isotropic harmonic oscillator and su(N).
The Hamiltonian (4.1) in the limit c1 = 0 and c2 = 0 reduces to the isotropic harmonic
oscillator in N -dimension is given by
H =
p2
2
+
ω2r2
2
. (4.10)
In this limiting case, we define the following operators [25] by
ai =
1√
2
(pi + iωxi), a
+
i =
1√
2
(pi − iωxi), (4.11)
which satisfy the commutation relation [ai, a
+
j ] = −ω~δij. Furthermore, we can define the
operators
F ji =
1√
2ω~
{ai, a+j } (4.12)
are hermitian and satisfy the commutation relations
[F ij , F
k
l ] = δilF
k
j − δjkF il . (4.13)
Hence su(N) is the symmetry algebra of the isotropic harmonic oscillator. We present
some key briefly key elements related to an algebraic derivation of the energy spectrum.
The su(N) symmetry algebra can be embedded in the non-compact algebra sp(N), define
the operators
F ij0 =
−1√
2ω~
{a+i , a+j }, F 0ij =
1√
2ω~
{ai, aj} (4.14)
and satisfying the commutators
[F ij , F
lk
0 ] = δjkF
il
0 + δjlF
ik
0 , [F
i
j , F
0
lk] = −δikF 0jl − δilF 0jk. (4.15)
One can construct the Casimir operator of sp(N) in the form
Q2 = B2 +
H2
2
+
1√
2ω~
{F 0ij, F ij0 }, (4.16)
where B2 is the Casimir operator of su(N). The eigenvalues of Q2 and B2 in the repre-
sentations of sp(N) and su(N) are as
Q2 = −N
2
(N +
1
2
), B2 = − l(l +N)(N − 1)
N
, (4.17)
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where all representations belonging to the H-eigenstates are obtained for l = 1, 2, . . . , and
the energy spectrum
E = ω~(l +
N
2
), l = 0, 1, 2, . . . (4.18)
4.3.2 Quadratic Poisson algebra
We study in this subsection the Poisson algebra of the classical version of the superinte-
grable system (4.1) and its Casimir operators. The system has the second order integrals
of motion,
A =
1
4
{
N∑
i,j=1
x2i p
2
j −
N∑
i,j=1
xixjpipj
}
+
1
2
N∑
i=1
x2i
{
c1
x21 + ...+ x
2
n
+
c2
x2n+1 + ...+ x
2
N
}
, (4.19)
B and J(2), K(2) are given by (4.3) and (4.6) respectively. It can be verified they satisfy
{H,A}p = 0 = {H,B}p, {H, J(2)}p = 0 = {H,K(2)}p, (4.20)
where {, }p is the usual Poisson bracket. Also we can check these following Poisson brackets
{A, J(2)}p = {A,K(2)}p = {B, J(2)}p = 0 = {B,K(2)}p = {J(2), K(2)}p.
The above commutation relations show that J(2) and K(2) are second order Casimir op-
erators and central elements. We now construct a new integral of motion from A and B
as
{A,B}p = C. (4.21)
The integral of motion C is cubic function of momenta. After a direct but involving
computation relying on properties of the Poisson bracket and identities, we can show that
the integrals of motion generate the quadratic Poisson algebra QP (3),
{A,B}p = C, (4.22)
{A,C}p = −4AB + J(2)H −K(2)H + 2(c1 − c2)H, (4.23)
{B,C}p = 2B2 − 2H2 + 16ω2A− 4ω2J(2) − 4ω2K(2) − 8ω2(c1 + c2). (4.24)
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The Casimir operator of this quadratic Poisson algebra can be shown to be cubic and
explicitly given by
K = C2 + 4AB2 − 2[J(2)H −K(2)H + 2(c1 − c2)H]B + 16ω2A2
−2[8ω2(c1 + c2) + 4ω2J(2) + 4ω2K(2) + 2H2]A. (4.25)
By means of explicit expressions as functions of the coordinates and the momenta for the
generators A, B, C and the central elements, the Casimir operator becomes
K1 = −2J(2)H2 − 2K(2)H2 − 4(c1 + c2)H2 − ω2J2(2) − ω2K2(2) + 2ω2J(2)K(2)
−4ω2(c1 − c2)J(2) + 4ω2(c1 − c2)K(2) − 4ω2(c1 − c2)2.
The quadratic Poisson algebra and the Casimir operator are useful in deriving the quadratic
algebra and Casimir operator: the lowest order terms of ~ in quantum case coincide with
Poisson analog. The first order integrals of motion generate a Poisson algebra isomorphic
to so(n) Lie algebra
{Jij, Jkl}p = δikJjl + δjlJik − δilJjk − δjkJil,
for i, j, k, l = 1, ..., n and so(N − n) Lie algebra
{Kij, Kkl}p = δikKjl + δjlKik − δilKjk − δjkKil, (4.26)
for i, j, k, l = n+1, ..., N−n. So the full symmetry algebra is a direct sum of the quadratic
Poisson algebra QP (3), so(n) and so(N − n) Lie algebras.
4.3.3 Quadratic algebra
We now construct integral of motion C of the quantum system from (4.2) and (4.3) via
commutator
[A,B] = C, (4.27)
where C represents a new integral of motion and is a cubic function of momenta. The
cubicness of C explains the impossibility of expressing C as a polynomial function of
other integrals of motion, which are quadratic function of momenta. After an involving
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but direct computations that is based on properties of commutators and various identities,
we obtain the following quadratic algebra Q(3) of the integrals of motion H, A and B
[A,C] = 2~2{A,B} − ~2J(2)H + ~2K(2)H − ~
2
4
{8c1 − 8c2
−(N − 4)(N − 2n)~2}H + ~
4
4
N(N − 4)B, (4.28)
[B,C] = −2~2B2 + 2~2H2 − 16~2ω2A+ 4~2ω2J(2) + 4~2ω2K(2)
+8~2ω2{c1 + c2 − ~
2
4
n(N − n)}. (4.29)
It can be demonstrated, the Casimir operator is a cubic expression of the generators and
is explicitly given in terms of the generators (A,B and C) as
K = C2 − 2~2{A,B2}+ ~
4
4
{16−N(N − 4)}B2 + 2~2 [J(2)H −K(2)H
+
1
4
{8c1 − 8c2 − (N − 4)(N − 2n)~2}H
]
B − 16~2ω2A2
+2~2
[
8ω2{c1 + c2 − ~
2
4
n(N − n)}+ 4ω2J(2) + 4ω2K(2) + 2H2
]
A. (4.30)
Using the realization of the integrals of motion A, B, C and the central element as
differential operators, we can represent the Casimir operator (4.30) only in terms of the
central elements H, J(2) and K(2),
K = 2~2J(2)H2 + 2~2K(2)H2 +
~2
4
[16c1 + 16c2 − {4(N − 4)
−(N − 2n)2}~2]H2 + ~2ω2J2(2) + ~2ω2K2(2) − 2~2ω2J(2)K(2)
+4~2ω2{c1 − c2 − 1
4
(N − 4)(N − n)~2}J(2) − 4~2ω2{c1 − c2
+
1
4
n(N − 4)~2}K(2) + 4~2ω2
[
(c1 − c2)2 − 1
2
(N − n)(N − 4)~2c1
−1
2
n(N − 4)~2c2 + 1
4
n(N − n)(N − 4)~4
]
. (4.31)
This is key step in the application of the deformed oscillator algebra approach which
relies on both form of the Casimir operators. The first order integrals of motion, that are
simply components of angular momentum, generate an algebra isomorphic to the so(n)
Lie algebra
[Jij, Jkl] = i(δikJjl + δjlJik − δilJjk − δjkJil)~,
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for i, j, k, l = 1, ..., n and so(N − n) Lie algebra
[Kij, Kkl] = i(δikKjl + δjlKik − δilKjk − δjkKil)~,
for i, j, k, l = n + 1, ..., N − n. So the full symmetry algebra is a direct sum of the
quadratic algebra Q(3), so(n) and so(N − n) Lie algebras. Thus the su(N) Lie algebra
generated by the integrals of motion of the N -dimensional isotropic harmonic oscillators
is deformed into higher rank quadratic algebra Q(3)⊕ so(n)⊕ so(N −n) for the family of
superintegrable systems (4.1). The structure constants of the quadratic algebra involve
three central elements, the Hamiltonian and the two Casimir operators of the Lie algebras
approached in the decomposition. Quadratic algebras involving three generators have
been obtained and studied by various authors [39, 64, 65, 76]. In fact, the one involved in
the decomposition would be related to case QR(3), called quadratic Racah algebra.
4.4 Energy spectrum and unirreps
We now consider the realizations of the quadratic algebra ((4.27)-(4.29)) in terms of
deformed oscillator algebra [38,39] {ℵ, b†, b} defined by
[ℵ, b†] = b†, [ℵ, b] = −b, bb† = Φ(ℵ+ 1), b†b = Φ(ℵ), (4.32)
where ℵ is the number operator and the function Φ(x) is well behaved real function
satisfying the boundary condition
Φ(0) = 0, Φ(x) > 0, ∀x > 0. (4.33)
The Φ(x) is the so-called structure function. The realization of Q(3) is of the form
A = A(ℵ), B = b(ℵ) + b†ρ(ℵ) + ρ(ℵ)b, where A(x), b(x) and ρ(x) are functions. Similar
to the quadratic algebra for 2D superintegrable systems [39], we have
A(ℵ) = ~2{(ℵ+ u)2 − (N − 2)
2
16
}, (4.34)
b(ℵ) = 8c1 − 8c2 + 4J(2) − 4K(2) + (4N − 8n+ 2nN −N
2)~2
16~2{(ℵ+ u)2 − 1
4
} , (4.35)
ρ(ℵ) = 1
3.220.~16(ℵ+ u)(1 + ℵ+ u){1 + 2(ℵ+ u)}2 , (4.36)
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where u is a constant ( in fact a representation dependent constant ) to be determined
from the constraints on the structure function. We construct the structure function Φ(x)
by using the realization, the quadratic algebra ((4.27), (4.28), (4.29)) and the two forms
of the Casimir operator (4.30) and (4.31)
Φ(x;u,H) = 12288~12
[
64c21 + 64c
2
2 − 48~4 − 32~2J(2) + 16J2(2) − 32~2K(2)
−32J(2)K(2) + 16K2(2) − 64~2J(2)n+ 64~2K(2)n+ 48~4n2
+32~4N + 32~2J(2)N − 32~2K(2)N − 48~4nN + 16~2J(2)nN
−16~2K(2)nN − 32~4n2N + 8~4N2 − 8~2J(2)N2 + 8~2K2N2
+32~4nN2 + 4~4n2N2 − 8~4N3 − 4~4nN3 + ~4N4
−16c2[4(J(2) −K(2)) + ~2{(N − 4)(2n−N) + 4(1− 2(x+ u))2}]
−16c1[8c2 − 4J(2) + 4K(2) + ~2{(N − 4)(N − 2n)
+4(1− 2(x+ u))2}] + 32~2[4(J(2) +K(2)) + ~2{2n2 + (N − 2)2
−2nN}](x+ u)− 32~2[4(J(2) +K(2)) + ~2{2(n2 − 2)
−2(n+ 2)N +N2}](x+ u)2 − 512~4(x+ u)3 + 256~4(x+ u)4]
×[H2 − h2{1− 2(x+ u)}2ω2]. (4.37)
We will show how the finite dimensional unirreps can be obtained using an appropriate
Fock space. In 2D, we need |n,E > such that ℵ|n,E >= n|n,E >. However, in our case
one needs to define quantum numbers associated to certain subalgebra chain. We use two
subalgebra chains, so(n) ⊃ so(n− 1) ⊃ ... ⊃ so(2) and so(N −n) ⊃ so(N −n− 1) ⊃ ... ⊃
so(2) related chains of quadratic Casimir operators [198] J
(α)
2 and K
(α)
2 can be written as
J
(α)
2 =
α∑
Jij, α = 2, ..., n, (4.38)
K
(α)
2 =
α∑
Kij, α = n+ 2, ..., N. (4.39)
In fact, |n,E > means |n,E, lN , ..., ln+2, ln, ..., l2 >. Then the eigenvalues of J(2) and K(2)
are ~2ln(ln +n− 2) and ~2lN−n(lN−n +N −n− 2) respectively. The constraint (4.33) can
be imposed on Fock type representation of the deformed oscillator algebra, |n,E > with
ℵ|n,E >= n|n,E >, and H in Φ(x, u,H) replaced by E. Hence by using the eigenvalues
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of J(2), K(2) and H, the structure function becomes the following factorized form:
Φ(x) = −12582912~18ω2[x+ u− 1
4
(2 +m1 +m2)][x+ u− 1
4
(2−m1 +m2)]
×[x+ u− 1
4
(2 +m1 −m2)][x+ u− 1
4
(2−m1 −m2)]
×(x+ u− −H + ~ω
2~ω
)(x− H + ~ω
2~ω
), (4.40)
where ~2m21 = 8c1 + 4J(2) + ~2(n − 2)2 and ~2m22 = 8c2 + 4K(2) + ~2(N − n − 2)2. For
unirreps to be finite dimensional, we impose the following constrains on the structure
function:
Φ(p+ 1;u,E) = 0; Φ(0;u,E) = 0; Φ(x) > 0, ∀x > 0, (4.41)
where p is a positive integer and u is arbitrary constant. We then obtain finite (p + 1)-
dimensional unirreps. The solution of the constraints (4.41) gives the energy E and
constant u. Thus we obtain the following possible structure functions and energy spectra,
for 1 = ±1, 2 = ±1, η = 24576~18ω2.
Set-1:
u =
−E + ~ω
2~ω
, E = 2~ω(p+ 1 +
1m1 + 2m2
4
),
Φ(x) = ηx~18ω2[4 + 4p− 4x− (1− 1)m1 + (1 + 2)m2]
×[4 + 4p− 4x+ (1 + 1)m1 − (1− 2)m2][4 + 4p− 4x
−(1− 1)m1 − (1− 2)m2][4 + 4p− 4x+ (1 + 1)m1
+(1 + 2)m2][4 + 4p− 2x+ 1m1 + 2m2].
Set-2:
u =
E + ~ω
2~ω
, E = 2~ω(p+ 1 +
1m1 + 2m2
4
),
Φ(x) = −x[4 + 4p+ 4x− (1− 1)m1 + (1 + 2)m2]
×[4 + 4p+ 4x+ (1 + 1)m1 − (1− 2)m2][4 + 4p+ 4x
−(1− 1)m1 − (1− 2)m2][4 + 4p+ 4x+ (1 + 1)m1
+(1 + 2)m2][4 + 4p+ 2x+ 1m1 + 2m2].
4.5. Separation of variables 53
Set-3:
u =
1
4
(2 + 1m1 + 2m2), E = 2~ω(p+ 1 +
1m1 + 2m2
4
),
Φ(x) = η(p+ 1− x)[4x− (1− 1)m1 − (1− 2)m2]
×[4x+ (1 + 1)m1 − (1− 2)m2][4x− (1− 1)m1 + (1 + 2)m2]
×[4x+ (1 + 1)m1 + (1 + 2)m2][2 + 2p+ 2x+ 1m1 + 2m2].
The structure functions Φ(x) > 0 for ε1 = 1, ε2 = 1 and m1,m2 > 0. In the limit c1 = 0
and c2 = 0, this results coincide with N -dimensional harmonic oscillator with the following
relation among the quantum numbers l = 2p+ ln+ lN−n and the algebraic derivation using
the su(N) and sp(N) Lie algebra and their Casimir operators and eigenvalues. Let us
mention that the value of η do not play a role, only the sign needs to be taken into account
for the constraint to obtain the finite- dimensional unirreps.
4.5 Separation of variables
Each member of the family of superintegrable Hamiltonian systems (4.1) is multisepara-
ble and allows for the Schordinger equation the separation of variables in double hyper
Eulerian and double hyperspherical coordinates. We can rewrite (4.1) into the sum of two
singular oscillators of dimensions n and N − n as
H = H1 +H2, (4.42)
where
H1 =
1
2
(p21 + ...+ p
2
n) +
ω2r21
2
+
c1
r21
, (4.43)
H2 =
1
2
(p2n+1 + ...+ p
2
N) +
ω2r22
2
+
c2
r22
(4.44)
and the position vectors r21 = x
2
1+...+x
2
n, r
2
2 = x
2
n+1+...+x
2
N . The Schrodinger equation
Hψ(r,Ω) = Eψ(r,Ω) can also be written as
H1ψ(r1,Ω) = E1ψ(r1,Ω), H2ψ(r2,Ω) = E2ψ(r2,Ω), (4.45)
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where E1 and E2 are the eigenvalues of H1 and H2 respectively. The N-dimensional
hyperspherical coordinates are given by
x1 = r sin(ΦN−1) sin(ΦN−2) · · · sin(Φ1),
x2 = r sin(ΦN−1) sin(ΦN−2) · · · cos(Φ1),
...
...
xN−1 = r sin(ΦN−1) cos(ΦN−2),
xN = r cos(ΦN−1), (4.46)
where theN xi’s are Cartesian coordinates in the hyperspherical coordinates, {Φ1, . . . ,ΦN−1}
are the hyperspherical angles and r is the hyperradius. We can also introduce a double
type of hyperspherical coordinates system by considering two copies and settingN = n and
N = N − n respectively for the H1 component and the H2 component. The Schrodinger
equation of H1 in n-dimensional hyperspherical coordinates[
∂2
∂r21
+
n− 1
r1
∂
∂r1
− 1
r21
Λ2(n)− ω′2r21 −
2c′1
r21
+ 2E ′1
]
ψ(r1,Ω) = 0, (4.47)
where c′1 =
c1
~2 , ω
′ = ω~ , E
′
1 =
E1
~2 and the grand angular momentum operator Λ
2(n)
which satisfies the recursive formula
−Λ2(n) = ∂
2
∂Φ2n−1
− (n− 2) cot(Φn−1) ∂
∂Φn−1
− Λ
2(n− 1)
sin2(Φn−1)
, (4.48)
valid for n > 0 and Λ2(1) = 0. The separation of radial and angular parts of (4.47) can
be perfomed by setting ψ(r1,Ω) = R1(r1)y(Ωn−1). Thus, we obtain
∂2R1(r1)
∂r21
+
n− 1
r1
∂R1(r1)
∂r1
+ {2E ′1 − ω′2r21 −
2c′1
r21
− ln(ln + n− 2)
r21
}R1(r1) = 0, (4.49)
Λ2(n)y(Ωn−1) = ln(ln + n− 2)y(Ωn−1), (4.50)
where ln(ln + n − 2) being the general form of the separation constant. Now the radial
equation (4.49) can be converted, by setting u = ar21, R1(u) = u
αf(u) and f(u) =
eβuf1(u), to
uf ′′1 (u) + {2(δ1 +
1
2
ln +
n
4
)− u}f ′1(u) + {
E ′1
2ω′
− (δ1 + 1
2
ln +
n
4
)}f1(u) = 0, (4.51)
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where
δ1 =
{√
(
1
2
ln +
n− 2
4
)2 +
1
2
c′1 −
n− 2
4
}
− 1
2
ln. (4.52)
Set
N1 =
E ′1
2ω′
−
(
δ1 +
1
2
ln +
n
4
)
. (4.53)
Then the equation (4.51) represents the confluent hypergeometric equation and it gives
the solution in terms of special function
ψN1ln(u) =
√
2Γ{N1 + 2(δ1 + 12 ln + n4 )}
N1!
ae−
u
2 u(δ1+
1
2
ln)/2√
2(δ1 +
1
2
ln +
n
4
)
×1F1
(
−N1; 2{δ1 + 1
2
ln +
n
4
};u
)
(4.54)
In order the wavefunctions to be square integrable, the parameter N1 needs to be positive.
Hence we obtain the discrete energy E1 of H1 from (4.53) as
E1 = 2~ω
(
N1 +
α1
2
+
1
2
)
, (4.55)
where α1 = 2δ1 + ln +
n−2
2
. The wave equation of H2 in (N-n)-dimensional hyperspherical
coordinates provides similar solution ψN2lN−n , replacing r1, n, ln, c
′
1, δ1 by r2, N−n, lN−n,
c′2, δ2 respectively in (4.54) and the energy E2, replacing N1, α1 by N2, α2 respectively in
(4.55). Hence the energy spectrum of the N -dimensional double singular oscillators
E = 2~ω
(
p+ 1 +
α1 + α2
2
)
, (4.56)
where p = N1 +N2 which coincides with the energy expression obtained algebraically. In
fact, this multiseparability properties is also shared by its classical analog as the Hamilton-
Jacobi can also be separated in the double type coordinates systems.
4.6 Conclusion
In this chapter, we have extended the symmetric double singular oscillators in 4D and
8D to arbitrary dimensions with any partition (n,N − n) of the coordinates. This pro-
vide a new family of minimally superintegrable systems. As main results, we construct
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and obtain its realization as deformed oscillator algebra. We also construct the finite
dimensional unitary representations which enable the algebraic derivation of the energy
spectrum. This is compared with the results from the separation of variables method.
Moreover, the new family may also include duals of deformed higher dimensional Kepler-
Coulomb systems involving nonAbelian monopoles [137,175].
Our systems are generalisations of one of the four 2D Smorodinsky-Winternitz models
[63]. Further generalisations are possible. For example,
H =
p2
2
+
ω2r2
2
+
c1
x21 + · · ·+ x2n1
+
c2
x2n1+1 + · · ·+ x2n2
+ · · ·+ cλ
x2nλ−1+1 + · · ·+ x2nλ
(4.57)
generalizes the N -dimensional Smorodinsky-Winternitz model [54] to the one with any
partition (n1, n2, . . . , nλ) such that n1 + n2 + · · · + nλ = N . This model would also be
superintegrable but with a more complicated quadratic algebra and embedded structure
seen in [40,210].
Chapter 5
Family of N-dimensional superintegrable
systems
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5.1 Introduction
Algebraic methods are powerful tools in modern physics. Well known examples include
the N -dimensional hydrogen atom and harmonic oscillator which were studied using the
so(N+1) [13,142] and su(N) [98,141] Lie algebras respectively. In particular the spectrum
of the 5D hydrogen atom have been calculated using its so(6) Lie algebra and the corre-
sponding Casimir operators of order two, three and four [215]. Superintegrable models are
an important class of quantum systems which can be solved using algebraic approaches.
An important property of such systems is the existence of non-Abelian symmetry algebras
generated by integrals of motion. These symmetry algebras can be embedded in certain
non-invariance algebras involving non-commuting operators. Such symmetry algebras are
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in general finitely generated polynomial algebras and only exceptionally finite dimensional
Lie algebras.
Quadratic algebras have been used to obtain energy spectrum of superintegrable sys-
tems [76]. The structure of a class of quadratic algebras with only three generators was
studied and applied to 2D superintegrable systems in [39]. Many researchers have stud-
ied quadratic and polynomial symmetry algebras of superintegrable systems and their
representation theory ( see e.g. [64,65,100,114,115,171,176,210]).
We review the results of our recent two papers [89, 90] and present the algebraic
derivation of the complete energy spectrum of the N -dimensional superintegrable Kepler-
Coulomb system with non-central terms and superintegrable double singular oscillators.
5.2 The main results
Let us consider the N -dimensional superintegrable Kepler-Coulomb system with non-
central terms and superintegrable Hamiltonian with double singular oscillators of type
(n,N − n) introduced in [89,90]
HKC =
1
2
p2 − c0
r
+ c1χ1(r, xN) + c2χ2(r, xN), (5.1)
Hdso =
p2
2
+
ω2r2
2
+ c1φ1(x1, . . . , xn) + c2φ2(xn+1, . . . , xN), (5.2)
where ~r = (x1, x2, ..., xN), ~p = (p1, p2, ..., pN), r
2 =
∑N
i=1 x
2
i , pi = −i~∂i, χ1(r, xN) =
1
r(r+xN )
, χ2(r, xN) =
1
r(r−xN ) , φ1(x1, . . . , xn) =
1
x21+···+x2n , φ2(xn+1, . . . , xN) =
1
x2n+1+···+x2N−n
and c0, c1, c2 are positive real constants. The system (5.1) is a generalization of the 3D
superintegrable system in E3 [125]. It includes as a particular 3D case the Hartmann
potential which has applications in quantum chemistry and its classical analog possesses
closed trajectories and periodic motion [215]. The model (5.2) is the generalization of the
4D and 8D systems obtained via the Hurwitz transformation for which only the symmetry
cases (2,2) and (4,4) were studied [97,162,165].
The model (5.1) is multiseparable and allows separation of variables in hyperspherical
and hyperparabolic coordinates. The wave function is
ψ(r,Ω) = R(r)Θ(ΦN−1)y(ΩN−2) (5.3)
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in terms of special functions
R(r) ∝ (εr)l+ δ1+δ22 e−εr2 1F1(−n+ l + 1, 2l + δ1 + δ2 +N − 1; εr), (5.4)
Θ(z) ∝ (1 + z) (δ1+IN−2)2 (1− z) (δ2+IN−2)2 P (δ2+IN−2,δ1+IN−2)l−IN−2 (z), (5.5)
Λ2(N − 1)y(ΩN−2) = IN−2(IN−2 +N − 3)y(ΩN−2), (5.6)
where z = cos(ΦN−1), IN−2(IN−2 + N − 3) being the general form of the separation
constant, P
(α,β)
λ denotes a Jacobi polynomial and l ∈ IN, δi = {
√
(IN−2 + N−32 )
2 + 4c′i −
N−3
2
} − IN−2, c′i = ci~2 , i = 1, 2. The energy spectrum of the system (5.1) is [89]
EKC ≡ En = −c
2
0
2~2
(
n+ δ1+δ2
2
+ N−3
2
)2 , n = 1, 2, 3, . . . (5.7)
The system (5.2) is also multiseparable and allows separation of variables in double hyper
Eulerian and double hyperspherical coordinates. We can split (5.2) into the sum of two
singular oscillators of dimensions n and N − n as Hdso = H1 +H2, where
H1 =
1
2
(p21 + ...+ p
2
n) +
ω2r21
2
+ c1φ1(x1, . . . , xn), (5.8)
H2 =
1
2
(p2n+1 + ...+ p
2
N) +
ω2r22
2
+ c2φ2(xn+1, . . . , xN). (5.9)
The wave function ψ(r1,Ω) = R1(r1)y(Ωn−1) of H1 in terms of special functions is given
by
ψn1ln(u) ∝
ae−
u
2 u(δ1+
1
2
ln)/2√
2(δ1 +
1
2
ln +
n
4
)
× 1F1
(
−n1; 2{δ1 + 1
2
ln +
n
4
};u
)
, (5.10)
where δ1 =
{√
(1
2
ln +
n−2
4
)2 + 1
2
c′1 − n−24
}
− 1
2
ln, n1 =
E′1
2ω′ −
(
δ1 +
1
2
ln +
n
4
)
, c′1 =
c1
~2 ,
ω′ = ω~ and E
′
1 =
E1
~2 . The wave equation of H2 in (N − n)-dimensional hyperspherical
coordinates has similar solution. The energy spectrum of the system (5.2) is [90]
Edso = 2~ω
(
p+ 1 +
α1 + α2
2
)
, (5.11)
where α1 = 2δ1 + ln +
n−2
2
, α2 = 2δ2 + lN−n + N−n−22 and p = n1 + n2.
The integrals of motion of (5.1) are given by
A =
N∑
i<j
L2ij + 2r
2[c1χ1(r, xN) + c2χ2(r, xN)], (5.12)
B = −MN + c1(r − xN)χ1(r, xN)− c2(r + xN)χ2(r, xN), (5.13)
J2 =
N−1∑
i<j
L2ij, Lij = xipj − xjpi, i, j = 1, ..., N − 1, (5.14)
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and for the model (5.2) they are
A = −h
2
4
{
N∑
i,j=1
x2i∂
2
xj
−
N∑
i,j=1
xixj∂xi∂xj − (N − 1)
N∑
i=1
xi∂xi
}
+
c1φ1(x1, . . . , xn) + c2φ2(xn+1, . . . , xN)
2
[
1
φ1(x1, . . . , xn)
+
1
φ2(xn+1, . . . , xN)
]
,(5.15)
B =
1
2
{
n∑
i=1
p2i −
N∑
i=n+1
p2i
}
+
ω2
2
{
1
φ1(x1, . . . , xn)
− 1
φ2(xn+1, . . . , xN)
}
+c1φ1(x1, . . . , xn)− c2φ2(xn+1, . . . , xN), (5.16)
J(2) =
∑
i<j
J2ij, Jij = xipj − xjpi, i, j = 1, 2, ...., n, (5.17)
K(2) =
∑
i<j
K2ij, Kij = xipj − xjpi, i, j = n+ 1, ...., N, (5.18)
where the Runge-Lenz vector Mj =
1
2
∑N
i=1(Ljipi − piLij)− c0xjr . The integrals of motion
{A,B,C} close to the general form of the quadratic algebra Q(3) [39],
[A,B] = C, (5.19)
[A,C] = αA2 + γ{A,B}+ δA+ B + ζ, (5.20)
[B,C] = aA2 − γB2 − α{A,B}+ dA− δB + z (5.21)
and the Casimir operator
K = C2 − α{A2, B} − γ{A,B2}+ (αγ − δ){A,B}+ (γ2 − )B2
+(γδ − 2ζ)B + 2a
3
A3 + (d+
aγ
3
+ α2)A2 + (
a
3
+ αδ + 2z)A. (5.22)
Here coefficients α, γ, δ, , ζ, a, d, z are given in the following table for models HKC and
Hdso [89, 90].
By means of the explicit expressions of A,B,C, we can write the Casimir operator in
terms only of central elements as
KKC = 2(N − 3)(N − 1)~4HJ2 − 8~2(c1 − c2)2H + 4(N − 3)(N − 1)(c1 + c2)~4H
−~6(N − 3)(N − 1)2H + 4~2c20J2 + 8~2(c1 + c2)c20 − 2(N − 3)~4c20, (5.23)
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HKC Hdso
α 0 0
γ 2~2 2~2
δ 0 0
 (N − 1)(N − 3)~4 ~4
4
N(N − 4)
ζ −4(c1 − c2)~2c0 −~2J(2)H + ~2K(2)H − ~24 {8c1 −
8c2 − (N − 4)(N − 2n)~2}H
a 0 0
d 8~2H −16~2ω2
z −4~2J2H+(N−1)2~4H−8~2(c1+
c2)H + 2~2c20
2~2H2 + 4~2ω2J(2) + 4~2ω2K(2) +
8~2ω2{c1 + c2 − ~24 n(N − n)}
Table 5.1: Coefficients in Q(3) and K.
Kdso = 2~2J(2)H2 + 2~2K(2)H2 +
~2
4
[
16c1 + 16c2 − {4(N − 4)− (N − 2n)2}~2
]
H2
+~2ω2J2(2) + ~2ω2K2(2) − 2~2ω2J(2)K(2) + 4~2ω2{c1 − c2 −
1
4
(N − 4)(N − n)~2}J(2)
−4~2ω2{c1 − c2 + 1
4
n(N − 4)~2}K(2) + 4~2ω2
[
(c1 − c2)2 − 1
2
(N − n)(N − 4)~2c1
−1
2
n(N − 4)~2c2 + 1
4
n(N − n)(N − 4)~4
]
. (5.24)
The first order integrals Lij, i, j, k, l = 1, .., N − 1 of HKC generate so(N − 1) Lie algebra
[Lij, Lkl] = i(δikLjl + δjlLik − δilLjk − δjkLil)~ (5.25)
and Jij = xipj − xjpi, i, j = 1, 2, ...., n and Kij = xipj − xjpi, i, j = n + 1, ...., N of Hdso
generate so(n) and so(N − n) Lie algebras
[Jij, Jkl] = i(δikJjl + δjlJik − δilJjk − δjkJil)~, (5.26)
[Kij, Kkl] = i(δikKjl + δjlKik − δilKjk − δjkKil)~. (5.27)
Thus the full symmetry algebra is Q(3)⊕so(N−1) for HKC and Q(3)⊕so(n)⊕so(N−n)
for Hdso. Chains of second order Casimir operators associated with so(N − 1), so(n) and
so(N−n) components may be used to label quantum states for HKC and Hdso respectively.
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These quadratic algebras can be realized in terms of the deformed oscillator algebra
[38,39]
[ℵ, b†] = b†, [ℵ, b] = −b, bb† = Φ(ℵ+ 1), b†b = Φ(ℵ), (5.28)
where ℵ is the number operator and Φ(x) is a well behaved real function satisfying Φ(x) >
0 for all x > 0. Then the structure function has the form [89,90]
Φ(x;u,E) = ν0
6∏
i=1
[x+ u− νi], (5.29)
where νi are given in the following table.
HKC Hdso
ν0 6291456E~18 -12582912~18ω2
ν1
1
2
(1 +m1 +m2)
1
4
(2 +m′1 +m
′
2)
ν2
1
2
(1 +m1 −m2) 14(2 +m′1 −m′2)
ν3
1
2
(1−m1 +m2) 14(2−m′1 +m′2)
ν4
1
2
(1−m1 −m2) 14(2−m′1 −m′2)
ν5
1
2
+ c0~
√−2E
~ω+H
2~ω
ν6
1
2
− c0~√−2E ~ω−H2~ω
Table 5.2: Coefficients νi in (5.29).
In the above table, ~2m21,2 = 16c1,2 + {4J2 + (N − 3)2}~2, ~2m′21 = 8c1 + 4J(2) + (n− 2)2~2
and ~2m′22 = 8c2 + 4K(2) + (N − n− 2)2~2.
For a finite-dimensional unitary representation, we have the following constraints
Φ(p+ 1;u,E) = 0; Φ(0;u,E) = 0; Φ(x) > 0, 0 < x < p+ 1 (5.30)
on the structure function (5.29). The solutions of these constraints provide the energy
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spectra EKC,dso and the arbitrary constant uKC,dso (1 = ±1, 2 = ±1) as
EKC =
−2c20
h2(2 + 2p+ 1m1 + 2m2)2
, uKC =
1
2
+
c0
~
√−2E , (5.31)
Case 1 : Edso = 2~ω(p+ 1 +
1m
′
1 + 2m
′
2
4
), udso =
E + ~ω
2~ω
, (5.32)
Case 2 : Edso = 2~ω(p+ 1 +
1m
′
1 + 2m
′
2
4
), udso =
−E + ~ω
2~ω
, (5.33)
Case 3 : Edso = 2~ω(p+ 1 +
1m
′
1 + 2m
′
2
4
), udso =
1
4
(2 + 1m1 + 2m2).(5.34)
We have four possible structure functions for HKC [89] and twenty four for Hdso [90].
Making the identification n1 + n2 + IN−2 = n − 1, p = n1 + n2, mi = 12(3 − 2IN−2 −
N − 2δi),m′i = 2αi, i = 1, 2, the energy spectra EKC and Edso coincide (5.7) and (5.11)
respectively.
5.3 Conclusion
We have presented some of the results in [89,90] and shown how the su(N) and so(N +1)
symmetry algebras of the N -dimensional Kepler-Coulomb (i.e., c1 = c2 = 0) and the N -
dimensional harmonic oscillator (i.e., c1 = c2 = 0) are broken to higher rank polynomial
algebra of the form Q(3)⊕L1⊕L2⊕. . . for non-zero c1 and c2, where L1, L2, . . . , are certain
Lie algebras. Q(3) is a quadratic algebra involving Casimir operators of the Lie algebras
in its structure constants. We have also presented the realizations of these quadratic
algebras in terms of deformed oscillator algebras and obtained the finite dimensional
unitary representations which yield the energy spectra of these superintegrable systems. In
addition, we have compared them with the physical spectra obtained from the separation
of variables.
The systems (5.1) and (5.2) could be studied using new approaches such as the re-
currence method related to special functions and orthogonal polynomials and approaches
combining ladder, shift, intertwining and supercharges operators [117,162]. The general-
izations of these systems to include monopole interactions and their duals [151,165] could
be also investigated.
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Chapter 6
Constructive approach on superintegrable
systems
Acknowledgement
This chapter is based on the work that was published in Ref. [92]. I have incorporated text
of that paper [92]. In this chapter, we apply the recurrence approach and coupling constant
metamorphosis to construct higher order integrals of motion for the Sta¨ckel equivalents
of the N -dimensional superintegrable Kepler-Coulomb model with non-central terms and
double singular oscillators of type (n,N−n). We show how the integrals of motion gener-
ate higher rank cubic algebra C(3)⊕ L1 ⊕ L2 with structure constants involving Casimir
operators of the Lie algebras L1 and L2. The realizations of the cubic algebras in terms
of deformed oscillators enable us to construct finite dimensional unitary representations
and derive the degenerate energy spectra of the corresponding superintegrable systems.
6.1 Introduction
A systematic approach for obtaining algebraic derivations of spectra of two dimensional
superintegrable systems with quadratic and cubic algebras involving three generators was
introduced in [39, 155, 156]. This algebraic method is based on Casimir operators and
realizations in terms of deformed oscillator algebras [38] for obtaining finite dimensional
unitary representation (unirreps) [155, 167]. This approach was extended to classes of
higher order polynomial algebras with three generators of arbitrary order [100]. How-
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ever, superintegrable systems in higher dimensional spaces are usually associated with
symmetry algebras taking the form of higher rank polynomial algebras which have typi-
cally a quite complicated embedded structure. It was discovered recently that there are
systems which are related to classes of quadratic algebras that display a decomposition
as direct sums of Lie algebras and polynomial algebras of three generators only [89, 90].
The structure constants contain Casimir operators of certain Lie algebras [89, 90]. This
specific structure was exploited to obtain algebraic derivations of the spectra. However,
in general it is quite complicated to apply this direct approach to obtain the correspond-
ing polynomial algebras, Casimir operators and their realizations in terms of deformed
oscillators. In fact, it is not even guaranteed that the integrals close to some polynomial
algebra.
The difficulties of this direct approach can be overcome using a constructive approach
and in particular using ladder operators in order to build integrals of motion for models
allowing separation of variables in Cartesian coordinates. Such ideas have been used by
several authors in the case of first or second order ladder operators [23,54,55,63,109,161].
It facilitates the construction of the corresponding polynomial algebras. One has to
distinguish the case of constructing integrals using higher order (i.e., greater than 2)
ladder operators as such operators themselves need to be generated using various methods.
one of them consists in exploiting supersymmetric quantum mechanics (SUSYQM) [110]
and using combinations of ladders and supercharges [42, 157, 168, 196] or combining only
supercharges [2, 129,161,164,171].
In recent years, Kalnins et al [117] introduced a recurrence approach and applied it to
models separable in polar coordinates. They also pointed out the close relation between
such approach and the study of special functions and orthogonal polynomials. Calzada
et al [27,28] introduced an operator version of the recurrence relations. In this scheme an
intermediate set of non-polynomial integrals of motion was obtained. From these formal
algebraic relations, and by decomposing integrals into polynomial and non-polynomial
parts, a final well defined set of integrals and their corresponding polynomial algebras can
be obtained. It has also been demonstrated how SUSYQM can be combined with these
ideas to generate extended Lissajous models related to Jacobi exceptional orthogonal
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polynomials [172].
All these new approaches have previously been restricted mainly to two and three
dimensional superintegrable systems. The purpose of this chapter is to extend the re-
currence approach for a class of higher-dimensional systems and construct higher rank
polynomial algebras. We consider the following two models [89,90]
Model 1 : Hdso =
p2
2
+
ω2r2
2
+
c1
x21 + ...+ x
2
n
+
c2
x2n+1 + ...+ x
2
N
, (6.1)
Model 2 : HKC =
1
2
p2 − c0
r
+
c1
r(r + xN)
+
c2
r(r − xN) , (6.2)
where ~r = (x1, x2, ..., xN), ~p = (p1, p2, ..., pN), r
2 =
∑N
i=1 x
2
i , pi = −i~∂i and c0, c1, c2 are
positive real constants. The model (6.1) is a family of N -dimensional superintegrable dou-
ble singular oscillators and model (6.2) is N -dimensional superintegrable Kepler-Coulomb
system with non-central terms in N -dimensional Euclidean space. In fact, both models
appear to be minimally superintegrable with N + 1 algebraically independent integrals
of motion [89,90]. In two recent papers, using a direct approach and ansatz to construct
the integrals and the quadratic algebra, an algebraic derivation of the energy spectra
have been presented [89,90]. In this chapter, we will show using coupling constant meta-
morphosis [116] that a constructive approach can be developed for these N -dimensional
models and be used to simplify the calculation and analysis.
The plan of the chapter is as follows. In section 2, higher order integrals of motion
are constructed from ladder operators using separated eigenfunctions of the system (6.1)
and the corresponding higher rank cubic algebra is presented. In section 3, higher order
integrals and higher rank cubic algebras are constructed for the Sta¨ckel equivalent system
of (6.2) from coupling constant metamorphosis and ladder operators. The realizations in
terms of deformed oscillators are obtained and applied to compute energy spectra of the
two systems algebraically. Finally, in section 4, we provide some discussions on the results
of this chapter and some open problems.
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6.2 Recurrence approach to Hdso
In this section, we develop for the model (6.1) the recurrence relations in order to generate
higher order integrals of motion and the corresponding higher rank polynomial algebra.
We show how in fact the integrals close into a cubic algebra with structure constants in-
volving Casimir operators of certain Lie algebras and derive energy spectrum of the system
algebraically. This provides also a poof for the superintegrability of this N -dimensional
system.
6.2.1 Separation of variables
We recall [90] in this subsection the separable solutions of (6.1) in double hyperspherical
coordinates using the sum of two singular oscillators Hdso = H1 +H2 of dimensions n and
N − n respectively, where
H1 =
1
2
(p21 + ...+ p
2
n) +
ω2
2
r21 +
c1
r21
, (6.3)
H2 =
1
2
(p2n+1 + ...+ p
2
N) +
ω2
2
r22 +
c2
r22
. (6.4)
The Schrodinger equation of H1 in n-dimensional hyperspherical coordinates is
−1
2
[
∂2
∂r21
+
n− 1
r1
∂
∂r1
− 1
r21
Λ2(n)− ω′2r21 −
2c′1
r21
]
ψ1(r1,Ωn−1) = E ′1ψ1(r1,Ωn−1), (6.5)
where c′1 =
c1
~2 , ω
′ = ω~ , E
′
1 =
E1
~2 and Λ
2(n) is the grand angular momentum operator.
The wave function ψ1(r1,Ωn−1) is proportional to
e−
ω′r21
2 r
α1+
n
2
1 L
α1
n1
(ω′r21)y1(Ωn−1), (6.6)
where Lαn(x) is the nth order Laguerre polynomial [3], α1 = 2δ1 + ln +
n−2
2
, δ1 ={√
(1
2
ln +
n−2
4
)2 + 1
2
c′1 − n−24
}
− 1
2
ln and n1 =
E′1
2ω′ −
(
δ1 +
1
2
ln +
n
4
)
. The wave function
for H2 has similar form. The energy spectrum of Hamiltonian (6.1) is
Edso = 2~ω
(
p+ 1 +
α1 + α2
2
)
, (6.7)
where the parameters α2 = 2δ2+lN−n+N−n−22 , δ2 =
{√
(1
2
lN−n + N−n−24 )
2 + 1
2
c′2 − N−n−24
}
−
1
2
lN−n, c′2 =
c2
~2 and p = n1 + n2, n2 =
E′2
2ω′ −
(
δ2 +
1
2
lN−n + N−n4
)
, E ′2 =
E2
~2 .
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6.2.2 Recurrence formulas and algebra structure
Consider the gauge transformations to Hi
H˜i = µ
−1
i Hiµi (6.8)
with µ1 = r
1−n
2
1 , µ2 = r
1−N+n
2
2 . We obtain the following gauge equivalent operators that
possesses the same eigenvalues
H˜i = −1
2
{
∂2ri − ω′2r2i −
βi
r2i
}
, i = 1, 2. (6.9)
Here β1 =
(n−1)(n−3)
4
+ 2c′1 +
J(2)
~2 and β2 =
(N−n−1)(N−n−3)
4
+ 2c′2 +
K(2)
~2 with
J(2) =
∑
i<j
J2ij, Jij = xipj − xjpi, i, j = 1, 2, ...., n, (6.10)
K(2) =
∑
i<j
K2ij, Kij = xipj − xjpi, i, j = n+ 1, ...., N, (6.11)
J(2) and K(2) are related to Λ
2(n) and Λ2(N − n) respectively.
Let Z = Xn1Xn2y1(Ωn−1)y2(ΩN−n−1) with
Xni = e
−ω
′r2i
2 r
αi+
1
2
i L
αi
ni
(ω′r2i ), i = 1, 2. (6.12)
Then the wave functions of the gauge transformed H˜i are given simply by Z = Z1Z2,
Zi = Xniyi = µ
−1
i ψi(ri,Ω), i = 1, 2. Alternatively, we can gauge transform H˜i back to get
the initial Hamiltonian
Hdso = µ1µ2H˜µ
−1
1 µ
−1
2 , H˜ = H˜1 + H˜2. (6.13)
Thus we have the eigenvalues equations H˜iZi = λriZi = E˜
′
iZi with
λri = ω
′(2ni + αi + 1), i = 1, 2. (6.14)
Hence the energy eigenvalues of H˜Z = E˜ ′Z are given
E˜ ′ = {2 + 2(n1 + n2) + α1 + α2}ω′. (6.15)
Now we define the ladder operators
D˜±i (ω
′, ri) = −2H˜i ∓ 2ω′ri∂ri + 2ω′2r2i ∓ ω′, i = 1, 2. (6.16)
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The action of the symmetry operators on the wave functions Zi = Xniyi, i = 1, 2 provides
the following recurrence formulas
D˜+i (ω
′, ri)Xniyi = −4ω′(ni + 1)Xni+1yi, i = 1, 2, (6.17)
D˜−i (ω
′, ri)Xniyi = −4ω′(ni + αi)Xni−1yi, i = 1, 2. (6.18)
The following diagram indicates how D˜±i change the quantum numbers of the wave func-
tions.
n1
α1
D˜+1
D˜−1
α1
n1
n2
α2
D˜+2
D˜−2
α2
n2
Let us consider the suitable combination of the operators L˜1 = D˜
+
1 D˜
−
2 , L˜2 = D˜
−
1 D˜
+
2 ,
H˜ = H˜1 + H˜2 and B˜ = H˜1 − H˜2. The action of the operators on the wave functions are
given by
L˜1Z = 16ω
′2(n1 + 1)(n2 + α2)Xn1+1Xn2−1y1y2, (6.19)
L˜2Z = 16ω
′2(n2 + 1)(n1 + α1)Xn1−1Xn2+1y1y2, (6.20)
L˜1L˜2Z = 256ω
′4n1(n2 + 1)(n1 + α1)(n2 + α2 + 1)Z, (6.21)
L˜2L˜1Z = 256ω
′4n2(n1 + 1)(n2 + α2)(n1 + α1 + 1)Z. (6.22)
It follows that in operator they form the cubic algebra C(3),
[L˜1, H˜] = 0 = [L˜2, H˜], (6.23)
[L˜1, B˜] = −4ω′L˜1, [L˜2, B˜] = 4ω′L˜2, (6.24)
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L˜1L˜2 =
[
(B˜ + H˜ − 2ω′)2 − 4ω
′2
~2
{
J(2) + 2c
′
1~2 +
(n− 2)2
4
~2
}]
×
[
(B˜ − H˜ − 2ω′)2 − 4ω
′2
~2
{
K(2) + 2c
′
2~2 +
(N − n− 2)2
4
~2
}]
, (6.25)
L˜2L˜1 =
[
(B˜ + H˜ + 2ω′)2 − 4ω
′2
~2
{
J(2) + 2c
′
1~2 +
(n− 2)2
4
~2
}]
×
[
(B˜ − H˜ + 2ω′)2 − 4ω
′2
~2
{
K(2) + 2c
′
2~2 +
(N − n− 2)2
4
~2
}]
. (6.26)
The first order integrals of motion Jij and Kij generate algebras isomorphic to the
so(n) and so(N − n) Lie algebras respectively. Namely,
[Jij, Jkl] = i(δikJjl + δjlJik − δilJjk − δjkJil)~, (6.27)
where i, j, k, l = 1, ..., n and
[Kij, Kkl] = i(δikKjl + δjlKik − δilKjk − δjkKil)~, (6.28)
with i, j, k, l = n+ 1, ..., N − n. Moreover,
[Jij, L˜1] = 0 = [Jij, L˜2], [Kij, L˜1] = 0 = [Kij, L˜2], (6.29)
[Jij, H˜] = 0 = [Kij, H˜], [Jij, B˜] = 0 = [Kij, B˜]. (6.30)
So the full symmetry algebra is a direct sum of the cubic algebra C(3), so(n) and so(N−n)
Lie algebras. Thus the su(N) Lie algebra generated by the integrals of motion of the
N -dimensional isotropic harmonic oscillators is deformed into higher rank cubic algebra
C(3)⊕ so(n)⊕ so(N − n) for Hamiltonian (6.1).
The recurrence method gives rise to higher order integrals of motion and higher rank
polynomial algebra, more specifically 4th-order integrals and cubic algebra C(3)⊕so(n)⊕
so(N −n) involving Casimir operators of so(n) and so(N −n) Lie algebras. In our recent
work [90] we showed that the second order integrals of motion A, B and C generate
the quadratic algebra Q(3) ⊕ so(n) ⊕ so(N − n) with commutation relations [A,B] =
C, [A,C] = f1(A,B,H, J(2), K(2)), [B,C] = f2(A,B,H, J(2), K(2)), where f1 and f2 are
quadratic polynomials in the generators A and B and the central elements H, J(2) and
K(2). In order to derive the spectrum using the quadratic algebra Q(3), realizations of
Q(3) in terms of deformed oscillator algebra [38,39] {ℵ, b†, b} of the form
[ℵ, b†] = b†, [ℵ, b] = −b, bb† = Φ(ℵ+ 1), b†b = Φ(ℵ), (6.31)
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have been used. Where ℵ is the number operator and Φ(x) is well behaved real function
satisfying the constraints
Φ(0) = 0, Φ(x) > 0, ∀x > 0. (6.32)
It is non-trivial to obtain such a realization and find the structure function Φ(x). However
in the recurrence approach presented in this paper, the cubic algebra C(3) relations (6.23)
- (6.26) already have, in fact, the form of deformed oscillator algebra (6.31).
6.2.3 Unirreps and energy spectrum
We write the cubic algebra relations (6.23)-(6.26) in the form of deformed oscillator (6.31)
by letting ℵ = B˜
4w′ , b
† = L˜1 and b = L˜2. We then readily obtain the structure function
Φ(x, u, H˜) =
[
4ω′(x+ u) + H˜ − 2(1− α1)ω′
] [
4ω′(x+ u) + H˜ − 2(1 + α1)ω′
]
×
[
4ω′(x+ u)− H˜ − 2(1− α2)ω′
] [
4ω′(x+ u)− H˜ − 2(1 + α2)ω′
]
,(6.33)
where u is arbitrary constant. In order to obtain the (p + 1)-dimensional unirreps, we
should impose the following constraints on the structure function
Φ(p+ 1;u, E˜ ′) = 0, Φ(0;u, E˜ ′) = 0, Φ(x) > 0, ∀x > 0, (6.34)
where p is a positive integer. The solutions give the energy E˜ ′ and the arbitrary constant
u. Let ε1 = ±1, ε2 = ±1. We have
u =
−E˜ ′ + 2ω′(1 + ε1α1)
4ω′
, E˜ ′ = (2 + 2p+ ε1α1 + ε2α2)ω′, (6.35)
Φ(x) = 256xω′4(x+ ε1α1)(1 + p− x)(1 + p− x+ ε2α2). (6.36)
The physical wave functions involve other quantum numbers and we have in fact degen-
eracy of p+ 1 only when these other quantum numbers would be fixed. The total number
of degeneracies may be calculated by taking into account the further constraints on these
quantum numbers. The results have been obtained in the gauge transformed Hamilto-
nian. However, the relations D±i = µiD˜
±
1 µ
−1
i , i = 1, 2 provide the integrals of motion
L1 = D
+
1 D
−
2 and L2 = D
−
1 D
+
2 of the initial Hamiltonian Hdso and the algebraic derivation
remain valid as gauge transformations preserve the spectrum.
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6.3 Recurrence approach to HKC
In this section, we construct recurrence relations to generate higher order integrals of
motion and higher rank polynomial algebra from ladder operators and coupling constant
metamorphosis for the Stackel equivalent of model (6.2).
6.3.1 Saparation of variables
The Schrodinger equation of the system (6.2) in the hyperparabolic coordinates reads
Hψ(ξ, η,ΩN−1) =
[
− 2
ξ + η
[
∆(ξ) + ∆(η)− ξ + η
4ξη
Λ2(ΩN−1)
]
− 2β0
ξ + η
+
2β1
ξ(ξ + η)
+
2β2
η(ξ + η)
]
ψ(ξ, η,ΩN−1) = εψ(ξ, η,ΩN−1), (6.37)
where Λ2(N) is the grand angular momentum operator and
∆(ξ) = ξ−
N−3
2
∂
∂ξ
ξ
N−1
2
∂
∂ξ
, ∆(η) = η−
N−3
2
∂
∂η
η
N−1
2
∂
∂η
,
β0 =
c0
~2
, β1 =
c1
~2
, β2 =
c2
~2
, ε =
E
~2
.
We can write the equivalent system of (6.37) as
H ′ψ(ξ, η,ΩN−1) =
[
∆(ξ) + ∆(η)− β1
ξ
− β2
η
+
ω′
2
(ξ + η)− 1
4ξ
Λ2(ΩN−1)
− 1
4η
Λ2(ΩN−1)
]
ψ(ξ, η,ΩN−1) = ε′ψ(ξ, η,ΩN−1). (6.38)
The original energy parameter ε now plays the role of model parameter (or coupling
constant) ω′ and the model parameter −β0 plays the role of energy ε′. This change in
the role of the parameters is called coupling constant metamorphosis. Moreover, the
Hamiltonian (6.38) is related to the one in (6.37) by a Sta¨ckel transformation and thus
the two systems are Sta¨ckel equivalent [24,116].
After the change of variables ξ = 2r21, η = 2r
2
2, the wave function in the new variables
is proportional to
e−
√
−ω′r2i
2 r
α′i+
N−1
2
i L
α′i
ni(
√−ω′r2i )yi(ΩN−1), i = 1, 2, (6.39)
where Lαn(x) is again the nth order Laguerre polynomial and α
′
i = δi + lN−2 +
N−3
2
,
δi =
{√
(IN−2 + N−32 )
2 + 4βi − N−32
}
− IN−2, ni = −12
(
δi + IN−2 + N−12
)
+ ε
′
ω′ , i = 1, 2.
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The energy spectrum of system (6.2) is
E =
−c20
~2
{
n1 + n2 +
1
2
(δ1 + δ2 + 2IN−2 +N − 1)
}2 . (6.40)
6.3.2 Recurrence formula and algebra structure
Let H ′ = H ′1 +H
′
2 and perform gauge rotations H˜i = χ
−1
i H
′
iχi, χi = r
2−N
2
i , i = 1, 2 to get
H˜i =
1
4
{
∂2ri + 2ω
′r2i −
(N−2)(N−4)
4
+ 4βi +
J(2)
~2
r2i
}
, (6.41)
where
J(2) =
N−1∑
i<j
L2ij, Lij = xipj − xjpi, i, j = 1, . . . , N − 1, (6.42)
and J(2) is related to Λ
2(ΩN−1). Let Z be eigenfunction of the gauge rotated Hamiltonian
H˜ = H˜1 + H˜2, H˜Z = ε˜Z. Writing Z = Xn1Xn2y1(ΩN−1)y2(ΩN−1) = χ
−1
i ψ(r1, r2,ΩN−1)
and using (6.39), we have
Xni = e
−
√
−ω′r2i
2 r
α′i+
1
2
i L
α′i
ni(
√−ω′r2i ), i = 1, 2. (6.43)
Xniyi(ΩN−1) are eigenfunctions of H˜i with eigenvalues
ε˜i = (ni +
1
2
α′i +
1
2
)
√−ω′, i = 1, 2. (6.44)
Now we define ladder operators
D˜±i (
√−ω′, ri) = 4H˜i ± 2
√−ω′ri∂ri + 2ω′r2i ±
√−ω′, i = 1, 2. (6.45)
The action of the symmetry operators on the function Xniyi(ΩN−1) gives the recurrences
formulas (for i = 1, 2)
D˜+i (
√−ω′, ri)Xniyi(ΩN−1) = 4(ni + 1)
√−ω′Xni+1yi(ΩN−1), (6.46)
D˜−i (
√−ω′, ri)Xniyi(ΩN−1) = 4(ni + α′i)
√−ω′Xni−1yi(ΩN−1). (6.47)
The following diagram indicates how D˜±i , i = 1, 2 change the quantum numbers.
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n1
α1
D˜+1
D˜−1
α1
n1
n2
α2
D˜+2
D˜−2
α2
n2
Let us consider the higher order operators L˜1 = D˜
+
1 D˜
−
2 , L˜2 = D˜
−
1 D˜
+
2 , H˜ = H˜1 + H˜2
and B˜ = H˜1 − H˜2. Then the action of these operators provide us the following higher
order integrals of motion for the gauge rotated Hamiltonian H˜
L˜1Z = −16ω′(n1 + 1)(n2 + α′2)Xn1+1Xn2−1y1(ΩN−1)y2(ΩN−1), (6.48)
L˜2Z = −16ω′(n2 + 1)(n1 + α′1)Xn1−1Xn2+1y1(ΩN−1)y2(ΩN−1), (6.49)
L˜1L˜2Z = 256ω
′2n1(n2 + 1)(n1 + α′1)(n2 + α
′
2 + 1)Z, (6.50)
L˜2L˜1Z = 256ω
′2n2(n1 + 1)(n2 + α′2)(n1 + α
′
1 + 1)Z (6.51)
and the cubic algebra C(3) in operators form
[L˜1, H˜] = 0 = [L˜2, H˜], (6.52)
[L˜1, B˜] = −2
√−ω′L˜1, [L˜2, B˜] = 2
√−ω′L˜2, (6.53)
L˜1L˜2 = 16
[
(B˜ + H˜ −√−ω′)2 + ω
′
~2
{
J2 + 4c′1~2 +
(N − 3)2
4
~2
}]
×
[
(B˜ − H˜ −√−ω′)2 + ω
′
~2
{
J2 + 4c′2~2 +
(N − 3)2
4
~2
}]
, (6.54)
L˜2L˜1 = 16
[
(B˜ + H˜ +
√−ω′)2 + ω
′
~2
{
J2 + 4c′1~2 +
(N − 3)2
4
~2
}]
×
[
(B˜ − H˜ +√−ω′)2 + ω
′
~2
{
J2 + 4c′2~2 +
(N − 3)2
4
~2
}]
. (6.55)
Applying the simple gauge rotations to D′±i , we can obtain the corresponding integrals of
motion and cubic algebra of Hamiltonian H ′.
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The first order integrals of motion Lij generate so(N − 1) Lie algebra
[Lij, Lkl] = i(δikLjl + δjlLik − δilLjk − δjkLil)~, (6.56)
where i, j, k, l = 1, ..., N − 1. Moreover,
[Lij, L˜1] = 0 = [Lij, L˜2], [Lij, H˜] = 0 = [Lij, B˜]. (6.57)
Thus the full symmetry algebra is a direct sum of the cubic algebra C(3) and so(N − 1)
Lie algebra (i.e., C(3)⊕ so(N − 1)).
6.3.3 Unirreps and Energy spectrum
The cubic algebra ( 6.52)-( 6.55) already has the form of the deformed oscillator algebra
with ℵ = B˜
2γ
, b† = L˜1 and b = L˜2. The structure function is
Φ(x;u, H˜) = 16
[
2(x+ u)γ + H˜ − (1− α1)γ
] [
2(x+ u)γ + H˜ − (1 + α1)γ
]
×
[
2(x+ u)γ − H˜ − (1− α2)γ
] [
2(x+ u)γ − H˜ − (1 + α2)γ
]
,
(6.58)
where γ =
√−ω′ and u is arbitrary constant. We should impose the following constraints
on the structure function in order for the representations to be finite dimensional
Φ(p+ 1;u, ε˜) = 0, Φ(0;u, ε˜) = 0, Φ(x) > 0, ∀x > 0, (6.59)
where p is a positive integer. The solutions of the constraints give the energy ε˜, the
arbitrary constant u and the structure function (i.e. the (p+ 1)-dimensional unirreps)
u =
−ε˜+ γ(1 + α′1)
2γ
, ε˜ =
γ
2
(2 + 2p+ k1α
′
1 + k2α
′
2), (6.60)
Φ(x) = 16xγ4(α′1 + x) [2 + 2p− 2x− (1− k1)α′1 + (1 + k2)α′2]
× [2 + 2p− (1− k1)α′1 − (1− k2)α′2] , (6.61)
where k1 = ±1, k2 = ±1. By equivalence of spectra between Hamiltonians related by the
gauge transformations, we have
ε′ =
γ
2
(2 + 2p+ k1α
′
1 + k2α
′
2). (6.62)
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The coupling constant metamorphosis provides ε′ ↔ −β0 and ε ↔ ω′ and give a corre-
spondence between γ =
√−ω′ and the energy ε of the original Hamiltonian HKC . From
(6.62) we obtain
E =
−c20
~2
(
p+ 1 +
k1α′1+k2α
′
2
2
)2 . (6.63)
Making the identifications p = n1 + n2, k1 = 1, k2 = 1, then (6.63) coincides with the
physical spectra (6.40).
We remark that the recurrence method gives 4th-order integrals of motion and higher
rank cubic algebra for the Stackel equivalent system. This algebra has already a factorized
form and much easier to handle than the quadratic algebra Q(3) obtained in [89] by using
ansatz and the direct approach.
6.4 Conclusion
The main results of this chapter is extending the recurrence approach, that is a con-
structive approach to the N -dimensional superintegrable Kepler-Coulomb systems with
non-central terms and the double singular oscillators of type (n,N−n) to obtain algebraic
derivations of their spectra. For both cases, we obtained 4th-order integrals of motion
and corresponding higher rank cubic algebras. One interesting feature of these algebras
is the fact they admit a factorized form which enable to simplify the calculation of the
realizations in terms of deformed oscillator algebras and the corresponding unirreps.
Let us point out that the classical analogs of the recurrence relations [161] have been
developed and exploited to generate superintegrable systems with higher order integrals
and polynomial Poisson algebras [160, 166]. Recently another classical method based on
subgroup coordinates [43, 118, 119] has been introduced. One interesting open problem,
that we study in a future paper, would be to extend these approaches for the classical
analog of the two models considered in this chapter. Moreover, the application of the
co-algebra approach [8, 192,199] to these new models also remain to be investigated.
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Chapter 7
Superintegrable monopole systems
Acknowledgement
This chapter is based on the work that was published in Ref. [93]. I have incorporated text
of that paper [93]. In this chapter, we introduce a Hartmann system in the generalized
Taub-NUT space with Abelian monopole interaction. This quantum system includes
well known Kaluza-Klein monopole and MIC-Zwanziger monopole as special cases. It
is shown that the corresponding Schro¨dinger equation of the Hamiltonian is separable
in both spherical and parabolic coordinates. We obtain the integrals of motion of this
superintegrable model and construct the quadratic algebra and Casimir operator. This
algebra can be realized in terms of a deformed oscillator algebra and has finite dimensional
unitary representations (unirreps) which provide energy spectra of the system. This result
coincides with the physical spectra obtained from the separation of variables.
7.1 Introduction
Dirac first explored the existence of monopoles in the quantum mechanical interest and the
quantization of electric charge [44]. Later the Kepler problems involving additional mag-
netic monopole interaction was independently discovered by McIntosh and Cisneros [174]
and Zwanziger [228] which is known as MICZ-Kepler problem. The MICZ-Kepler problem
discusses the existence of the Runge-Lenz vector in addition to the angular momentum
vector and a large dynamical symmetry so(4) algebra [17, 108]. The generalized Dirac
monopole exhibits a hidden dynamical algebra [175]. The MICZ-Kepler problems have
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been generalized using many approaches to higher dimensions [148, 150, 175, 178, 226].
These monopole systems are separable in hyperspherical, spheroidal and parabolic coor-
dinates [148,150,175,178,226].
One important class of monopole models is Kaluza-Klein monopoles. Kaluza and Klein
introduced a five-dimensional theory with one dimension curled up to form a circle in the
context of unification theory [122, 127]. The complete algebraic description of Kaluza-
Klein monopole allows a dynamical symmetry of the quantum motions [35, 57, 67, 78].
Models in space with Taub-NUT (Taub-Newman-Unit-Tambrino) metric have attracted
much attention because the geodesic of the Taub-NUT metric describes appropriately the
motion of well-separated monopole-monopole interactions ( see e.g. [4, 35, 36, 57, 67, 78,
79, 144, 163]). This Taub-NUT metric is well known to admit the Kepler-type symmetry
and provides non-trivial generalization of the Kepler problems. Iwai and his collaborators
published a series of papers [104–107] about the reduction system to admit a Kepler and
harmonic oscillator type symmetry via generalized Taub-NUT metric. The generalized
MICZ-Kepler problems [151] represent the intrinsic Smorodinsky-Winternitz system [54,
62] with monopole in 3D Euclidean space. Supersymmetry could be constructed in the
generalized MICZ-Kepler system [197]. The MICZ-Kepler problem was also considered
in S3 [77].
Quadratic algebra is a useful tool to obtain energy spectrum of superintegrable sys-
tems in the viewpoint of classical and quantum mechanics [76]. General quadratic algebras
involving three generators generated by second-order integrals of motion and their realiza-
tions in terms of deformed oscillator algebra have been investigated in Ref. [39]. Most of
the applications of the quadratic algebra and representation theory have been on systems
with scalar potential interactions [64, 89, 90, 100, 114, 115, 176, 210]. In this chapter, we
introduce a new superintegrable system in a Taub-NUT space with Abelian monopole
interaction.
The contents of this chapter are organized as follows: Section 2 introduces a new
Kepler monopole system in a Taub-NUT space which includes Kaluza-Klein and MICZ
monopole as special cases. It is remarked that this system covers a class of dynamical
systems of interest. In section 3, the Schrodinger equation of the Hamiltonian in the
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Taub-NUT space is solved in both spherical and parabolic coordinates. In section 4,
we construct second-order integrals of motion which show the superintegrability of the
model in the parabolic coordinates. We obtain quadratic algebra and Casimir operator
generated by integrals, and realize these algebras in terms of deformed oscillator algebra.
This enables us to obtain the energy spectra of the system algebraically. Finally in section
5, we discuss the results and some open problems.
7.2 Kepler monopole system
Let us consider the generalized Taub-NUT metric in R3
ds2 = f(r)dr2 + g(r)(dψ + A.dr)2, (7.1)
where
f(r) =
a
r
+ b, g(r) =
r(a+ br)
1 + c1r + dr2
, (7.2)
A1 =
−y
r(r + z)
, A2 =
x
r(r + z)
, A3 = 0, (7.3)
r =
√
x2 + y2 + z2 and the three dimensional Euclidean line element dr2 = dx2+dy2+dz3,
a, b, c1, d are constants. Here ψ is the additional angular variable which describes the
relative phase and its coordinate is cyclic with period 4pi [35, 78]. The functions f(r)
and g(r) in the metric represent gravitational effects and Ai is identified the monopole
interaction.
We consider the Hamiltonian system associated with (7.1)
H =
1
2
[
1
f(r)
{
p2 +
c0
2r
+
c2
2r(r + z)
+
c3
2r(r − z) + c4
}
+
Q2
g(r)
]
, (7.4)
where c0, c2, c3, c4 are constants and the operators
pi = −i(∂i − iAiQ), Q = −i∂ψ (7.5)
satisfying the following commutation relations
[pi, pj] = iijkBkQ, [pi, Q] = 0, B =
r
r3
. (7.6)
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The system with Hamiltonian (7.4) is generalized Hartmann system [82] in a curved
Taub-NUT space with abelian monopole interaction. The Hartmann system is a deformed
Coulomb interaction in 3D Euclidean space. This new system (7.4) is referred to as Kepler
monopole system. It contains the Kaluza-Klein [67, 163] and MICZ monopoles [174, 228]
as special cases: it is Kaluza-Klein monopole system when a = 1, b = 1, c1 = 2, d = 1
and MICZ monopole system when a = 0, b = 1, c1 = −2, d = 1, c2 = 0, c3 = 0.
The Kepler monopole system allows the following suitable total angular momentum
operator L and the Runge-Lenz operator M which can be constructed into the form
L = r× p− r
r
Q, M =
1
2
(p× L− L× p)− r
r
(aH − c1
2
Q2). (7.7)
The operators L and M commute with the Kepler monopole system (7.4) when c0 =
c2 = c3 = c4 = 0 and verify its maximally superintegrability. These operators close to an
o(4) or o(3, 1) dynamical symmetry algebra in the quantum state with fixed energy and
eigenvalue of operator Q:
[Li, Lj] = iijkLk, [Li,Mj] = iijkMk, [Mi,Mj] = iijkLk(
c1Q
2
2
− aH). (7.8)
It is o(4) algebra for c1Q
2
2
− aH > 0 and o(3, 1) algebra for c1Q2
2
− aH < 0.
In the next section, we examine model (7.4) in the spherical and parabolic coordinate
systems for separation of variables.
7.3 Separation of variables
The Hamiltonian (7.4) with monopole interaction is multiseparable and allows the sepa-
ration of variables for the corresponding Schro¨dinger equations in spherical and parabolic
coordinates.
7.3.1 Spherical coordinates
Let us consider the spherical coordinates
x = r sin θ cosφ, y = r sin θ sinφ, z = r cos θ, (7.9)
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where r > 0, 0 ≤ θ ≤ pi and 0 ≤ φ ≤ 2pi. In terms of these coordinates, the Taub-NUT
metric (7.1) takes on the form
ds2 = f(r)(dr2 + r2dθ2 + r2 sin2 θdφ2) + g(r)(dψ + cos θdφ)2, (7.10)
A1 = −1
r
tan
θ
2
sinφ, A2 =
1
r
tan
θ
2
cosφ, A3 = 0, (7.11)
and the Schrodinger equation HΨ = EΨ of the model (7.4) takes the following form
−r
2(a+ br))
[
∂2
∂r2
+
2
r
∂
∂r
− c0
2r
− c2
4r2 cos2 θ
2
− c3
4r2 sin2 θ
2
− c4
+
1
r2
(
∂2
∂θ2
+ cot θ
∂
∂θ
+
1
sin2 θ
∂2
∂φ2
)
+
(
1
r2 cos2 θ
2
+
c1
r
+ d
)
∂2
∂ψ2
− 1
r2 cos2 θ
2
∂
∂φ
∂
∂ψ
]
Ψ(r, θ, φ, ψ) = EΨ(r, θ, φ, ψ). (7.12)
For the separation of (7.12), the ansatz
Ψ(r, θ, φ, ψ) = R(r)Θ(θ)ei(ν1φ+ν2ψ), (7.13)
leads readily to the following radial and angular ordinary differential equations[
d2
dr2
+
2
r
d
dr
+ α +
β
r
− k1
r2
]
R(r) = 0, (7.14)[
d2
dθ2
+ cot θ
d
dθ
+
{
k1 − c2 + (ν1 − 2ν2)
2
2(1 + cos θ)
− c3 + ν
2
1
2(1− cos θ)
}]
Θ(θ) = 0, (7.15)
where α = 2bE−dν22−c4, β = 2aE−c1ν21− c02 and k1 is separable constant. We now turn
to (7.15), which can be converted, by setting z = cos θ and Θ(z) = (1 + z)a(1− z)bZ(z),
to
(1− z2)Z ′′(z) + {2a− 2b− (2a+ 2b+ 2)z}Z ′(z)
+{k2 − (a+ b)(a+ b+ 1)}Z(z) = 0, (7.16)
where 2a = δ1 + ν1, 2b = δ2 + ν1 and
δ1 =
√
c2 + (ν1 − 2ν2)2 − ν1, δ2 =
√
c3 + ν21 − ν1. (7.17)
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Comparing (7.16) with the Jacobi differential equation
(1− x2)y′′ + {β1 − α1 − (α1 + β1 + 2)x}y′ + λ(λ+ α1 + β1 + 1)y = 0, (7.18)
we obtain the separation constant
k1 = (l +
δ1 + δ2
2
)(l +
δ1 + δ2
2
+ 1), (7.19)
where l = λ+ ν1. Hence solutions of (7.15) are given in terms of the Jacobi polynomials
as
Θ(θ) ≡ Θlν1(θ; δ1, δ2) = Flν1(δ1, δ2)(1 + cos θ)
(δ1+ν1)
2 (1− cos θ) (δ2+ν1)2
×P (δ2+ν1,δ1+ν1)l−ν1 (cos θ), (7.20)
where P
(α,β)
λ denotes Jacobi polynomial, Flν1(δ1, δ2) is the normalized constant and l ∈ N.
Let us now turn to the radial equation (7.14), which can be converted, by setting
z = εr, R(z) = zl+
δ1+δ2
2 e−
z
2R1(z) and α =
−ε2
4
, to
z
d2R1(z)
dz2
+ {(2l + δ1 + δ2 + 2)− z}dR1(z)
dz
− (δ1 + δ2
2
+ l + 1)− β
ε
)R1(z) = 0. (7.21)
Set
n =
β
ε
− δ1 + δ2
2
. (7.22)
Then (7.21) can be expressed as
z
d2R1(z)
dz2
+ {(2l + δ1 + δ2 + 2)− z}dR1(z)
dz
− (−n+ l + 1)R1(z) = 0. (7.23)
This is the confluent hypergeometric equation. Hence we can write the solution of (7.14)
in terms of the confluent hypergeometric function as
R(r) ≡ Rnl(r; δ1, δ2) = Fnl(δ1, δ2)(εr)l+
δ1+δ2
2 e
−εr
2
×1F1(−n+ l + 1, 2l + δ1 + δ2 + 2; εr), (7.24)
where Fnl(δ1, δ2) is the normalized constant. In order to have a discrete spectrum the
parameter n needs to be positive integer. From (7.22) we have
ε =
β
(n+ δ1+δ2
2
)
(7.25)
and hence the energy spectrum is given by
2aE − c1ν22 − c02
2
√
c4 − 2bE + dν22
= n+
δ1 + δ2
2
, n = 1, 2, 3, . . . (7.26)
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7.3.2 Parabolic Coordinates
The parabolic coordinate system has the form
x =
√
ξη cosφ, y =
√
ξη sinφ, (7.27)
z =
1
2
(ξ − η), r = 1
2
(ξ + η) (7.28)
with ξ, η > 0 and 0 ≤ φ ≤ 2pi. In terms of the coordinates, the Taub-NUT metric (7.1)
takes the form
ds2 = f(r)
[
(ξ + η)(dξ2 + dη2) + ξηdφ2
]
+ g(r)
[
dψ +
(
1− ξ − η
ξ + η
dφ
)]2
, (7.29)
A1 =
−2√η√
ξ
sinφ
ξ + η
, A2 =
−2√η√
ξ
cosφ
ξ + η
, A3 = 0 (7.30)
and the Schrodinger equation of the system (7.4) is
−1
2{2a+ b(ξ + η)}
[
4ξ
∂2
∂ξ2
+ 4η
∂2
∂η2
+ 4
∂
∂ξ
+ 4
∂
∂η
− c0 − c2
ξ
− c3
η
−c4(ξ + η) + ξ + η
ξη
∂2
∂φ2
− 4
ξ
∂
∂φ
∂
∂ψ
+
{
4
ξ
+ c1 +
d
4
(ξ + η)
}
∂2
∂ψ2
]
×Ψ(ξ, η, φ, ψ) = EΨ(ξ, η, φ, ψ). (7.31)
By making the Ansatz,
Ψ(ξ, η, φ, ψ) = Θ1(ξ)Θ2(η)e
i(ν1φ+ν2ψ), (7.32)
(7.31) becomes [
∂ξ(ξ∂ξ) +
α
4
ξ +
β
4
− c2 + (ν1 − 2ν2)
2
4ξ
]
Θ1(ξ) = k2Θ1(ξ), (7.33)[
∂η(η∂η) +
α
4
η +
β
4
− c3 + ν
2
1
4η
]
Θ2(η) = −k2Θ2(η), (7.34)
where α = 2bE − dν22 − c4, β = 2aE − c1ν22 − c02 and k2 is separable constant. Putting
z1 = εξ in (7.33), z2 = εη in (7.34) and Θi(zi) = z
δi+ν1
2
i e
− zi
2 Fi(zi), α = −ε2, these two
equations represent
zi
d2Fi(zi)
dz2i
+ {(δi + ν1 + 1)− zi)}dFi(zi)
dzi
− (δi + ν1 + 1
2
− β
4ε
+
ki
ε
)Fi(zi) = 0, (7.35)
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where i = 1, 2, k2 = −k1 and
δ1 =
√
c2 + (ν1 − 2ν2)2 − ν1, δ2 =
√
c3 + ν21 − ν1. (7.36)
Let us now denote
ni = −1
2
(δi + ν1 + 1) +
β
4ε
− ki
ε
, i = 1, 2. (7.37)
Then (7.35) can be identified with the Laguerre differential equation. Thus we have the
normalized wave function
Ψ(ξ, η, φ, ψ) = Un1n2ν1(ξ, η, φ, ψ; δ1, δ2)
=
~ε2√−8c0
fn1ν1(ξ; δ1)fn2ν1(η; δ2)
ei(ν1φ+ν2ψ)√
2pi
, (7.38)
where
fniν1(ti; δi) ≡ fi(ti) =
1
Γ(ν1 + δi + 1)
√
Γ(ni + ν1 + δi + 1)
ni!
(εti)
(ν1+δi)/2e−εti/2
×1F1(−ni, ν1 + δi + 1; εti),
i = 1, 2 and t1 ≡ ξ, t2 ≡ η. We look for the discrete spectrum and thus n1 and n2 are
both positive integers. The expression for the energy of the system in terms of n1 and n2
can be found by using α = −ε2 in (7.37) to be
2aE − c1ν22 − c02
2
√
c4 − 2bE + dν22
= n1 + n2 +
δ1 + δ2
2
+ ν1 + 1. (7.39)
We can relate the quantum numbers in (7.26) and (7.39) by the following relation
n1 + n2 + ν1 = n− 1, (7.40)
where n1, n2 = 0, 1, 2, . . . .
7.4 Kepler monopole in Taub-NUT space and alge-
bra structure
In this section, we construct integrals of motion for the superintegrable monopole system
(7.4), their quadratic algebra and Casimir operator. The realization of the algebra in terms
of deformed oscillator algebra which generate a finite dimensional unitary representation
(unirrep) to degenerate energy spectrum of the model (7.4) is presented.
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7.4.1 Integrals of motion and quadratic algebra
The Hamiltonian system (7.4) has the following algebraically independent integrals of
motion
A = L2 +
c3ξ
4η
+
c2η
4ξ
, (7.41)
B = M3 +
ξ − η
ξ + η
{
c3ξ
2 − c2η2
2ξ2η − 2ξη2 +
c0
4
}
, (7.42)
L3, (7.43)
where L3 =
√
ξη cosφp2 −
√
ξη sinφp1 − ξ+ηξ−ηQ and M3 = 12{(p1L2 − p2L1) − (L1p2 −
L2p1)} − zr (aH − c12 Q2). The integral of motion A is associated with the separation of
variables in spherical coordinates and B is associated with the separation of variables in
parabolic coordinates system. The Hamiltonian (7.4) is minimally superintegable as it
allows five integrals of motion including H and the superintegrability can be verified by
proving the commutation relations
[A,L3] = 0 = [A,H], [B,L3] = 0 = [B,H], (7.44)
[A,Q] = 0 = [B,Q], [H,Q] = 0 = [H,L3], (7.45)
[Q,L3] = 0. (7.46)
For convenience we present a diagram of the above commutation relations
Q L3
A B
H
(7.47)
The diagram shows that Q and L3 are central elements.
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We now construct a new integral of motion C of the system from (7.41) and (7.42)
via commutator
[A,B] = C. (7.48)
Here C is a cubic function of momenta. By direct computation we can show that the
integrals of motion A, B and central elements H, Q, L3 satisfy the following quadratic
algebra Q(3),
[A,B] = C. (7.49)
[A,C] = 2{A,B} − 4aHQL3 + 2c1Q3L3 + c0QL3 + (c2 + c3)B
+a(c2 − c3)H − 1
2
c1(c2 − c3)Q2 − 1
4
c0(c2 − c3), (7.50)
[B,C] = −2B2 + 8bAH + 2a2H2 − 2(ac1 + 2b)HQ2 − 4bHL23 − 4dAQ2
+
1
2
(c21 + 4d)Q
4 + 2dQ2L23 − 4c4A+ (4b− ac0)H
+
1
2
(c0c1 + 4c4 − 4d)Q2 + 2c4L23 +
1
8
(c20 − 16c4). (7.51)
The Casimir operator of Q(3) in terms of central elements is given by
K = 4a2H2L23 + 4a
2H2Q2 + a2(c2 + c3)H
2 − 4ac1HQ4 − 4(2b+ ac1)HQ2L23
−(2ac0 − 2bc2 + ac1c2 − 2bc3 + ac1c3)HQ2 − 2(ac0 − bc2 − bc3)HL23
−1
2
(4bc2 + ac0c2 + 4bc3 + ac0c3 − 4bc2c3)H + 4b(c2 − c3)HQL3 + c21Q6
+(c21 + 4d)Q
4L23 +
1
4
(4c0c1 + c
2
1c2 + c
2
1c3 − 4c2d− 4c3d)Q4 + (c0c1 + 4c4
−c2d− c3d)Q2L23 − 2d(c2 − c3)L3Q3 +
1
4
(c20 + c0c1c2 + c0c1c3 − 4c2c4
−4c3c4 + 4c2d+ 4c3d− 4c2c3d)Q2 − 2c4(c2 − c3)QL3 + 1
4
(c20 − 4c2c4
−4c3c4)L23 +
1
16
(c20c2 + c
2
0c3 + 16c2c4 + 16c3c4 − 16c2c3c4). (7.52)
This is a main step in the application of the deformed oscillator algebra approach which
relies on the quadratic algebra Q(3) and the Casimir operator K. In order to derive
the spectrum of the system we realize the quadratic algebra Q(3) in terms of deformed
oscillator algebras [38, 39] {ℵ, b†, b} of the form
[ℵ, b†] = b†, [ℵ, b] = −b, bb† = Φ(ℵ+ 1), b†b = Φ(ℵ). (7.53)
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Here ℵ is the number operator and Φ(x) is well behaved real function satisfying
Φ(0) = 0, Φ(x) > 0, ∀x > 0. (7.54)
It is non-trivial to obtain such a realization and find the structure function Φ(x). The
realization of Q(3) is of the form A = A(ℵ), B = b(ℵ) + b†ρ(ℵ) + ρ(ℵ)b, where
A(ℵ) =
{
(ℵ+ u)2 − 1
4
− c2 + c3
4
}
, (7.55)
b(ℵ) =
[
4aHQL3 − 2c1Q3L3 − c0QL3 − a(c2 − c3)H + 1
2
c1(c2 − c3)Q2
+
1
4
c0(c2 − c3)1
4
]
1
4(ℵ+ u)2 − 1 , (7.56)
ρ(ℵ) = 1
3.220(ℵ+ u)(1 + ℵ+ u){1 + 2(ℵ+ u)2} , (7.57)
and u is a constant to be determined from constraints on the structure function.
7.4.2 Unirreps and energy spectrum
We now construct the structure function Φ(x) from the realizations of the quadratic
algebra ((7.49)-(7.51)) and the Casimir operator (7.52) as follows
Φ(x;u,H) = 12288
[
c20 + c0(−8aH + 4c1Q2) + 4[2H{2a2H + b(1− 2(x+ u))2}
−c4(1− 2(x+ u))2 − {4ac1H + d(1− 2(x+ u))2}Q2 + c21Q4]
]
× [c22 − 2c2{c3 + (1− 2(x+ u))2 + 4L3Q}+ {c3 − (−1 + 2L3
+2(x+ u))(−1 + 2(x+ u)− 2Q)}{c3 + (1 + 2L3 − 2(x+ u))
×(−1 + 2(x+ u) + 2Q)}] . (7.58)
We need to use an appropriate Fock space to obtain finite dimensional unirreps. Thus the
action of the structure function on the Fock basis |n,E〉 with ℵ|n,E〉 = n|n,E〉 and using
the eigenvalues of H, Q and L3, the structure function becomes the following factorized
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form:
Φ(x;u,E) = −3145728(c4 − 2bE + dq22)[x+ u−
1
2
(1−m1 +m2)]
×[x+ u− 1
2
(1 +m1 −m2)][x+ u− 1
2
(1−m1 −m2)]
×[x+ u− 1
2
(1 +m1 +m2)]
[
x+ u−
(
1
2
+
c0 − 4aE + 2c1q22
4
√
c4 − 2bE + dq22
)]
×
[
x+ u−
(
1
2
− c0 − 4aE + 2c1q
2
2
4
√
c4 − 2bE + dq22
)]
, (7.59)
where m21 = c2 + (q1 − q2)2, m22 = c3 + (q1 + q2)2, q1 and q2 are the eigenvalues of L3 and
Q respectively.
For finite dimensional unitary representations we should impose the following con-
straints on the structure function (7.59),
Φ(p+ 1;u,E) = 0, Φ(0;u,E) = 0, Φ(x) > 0, ∀x > 0, (7.60)
where p is a positive integer. These constraints give (p + 1)-dimensional unitary repre-
sentations and their solution gives the energy E and the arbitrary constant u. Thus all
the possible structure function and energy spectra for 1 = ±1, 2 = ±1,
Set-1:
u =
1
2
(1 + 1m1 + 2m2),
2aE − c1q22 − c02√
c4 − 2bE + dq22
= 2 + 2p+ 1m1 + 2m2, (7.61)
Φ(x) = 3145728x(x+ 1m1)(x+ 2m2)(x+ 1m1 + 2m2)(1 + p− x)
×(1 + p+ x+ 1m1 + 2m2)s21. (7.62)
Set-2:
u =
1
2
− 2aE − c1q
2
2 − c02
2
√
c4 − 2bE + dq22
,
2aE − c1q22 − c02√
c4 − 2bE + dq22
= 2 + 2p+ 1m1 + 2m2,(7.63)
Φ(x) =
1572864(1 + p)
a
[x− 1− p][1 + p− x+ 1m1][1 + p− x+ 2m2]
×[1 + p− x+ 1m1 + 2m2][2 + 2p− x+ 1m1 + 2m2]
[−2a(c4 + dq22)
+b{c0 + 2c1q22 + 2(2 + 2p+ 1m1 + 2m2)s1}
]
, (7.64)
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where s21 = c4 + dq
2
2 +
b
2a2
[
bη21 − ac0 − 2ac1q22
+
√
η21{b2η21 − 2ab(c0 + 2c1q22) + 4a2(c+ 4 + dq22)}
]
,
η1 = 2p+ 2 + 1m1 + 2m2.
The Structure functions are positive for the constraints ε1 = 1, ε2 = 1 and m1,m2 > 0.
Using formula (7.36) and ν2 = q2, we can write m1 =
√
c2 + (ν1 − 2ν2)2 − ν1 and m2 =√
c3 + ν21 −ν1. Making the identification p = n1 +n2, the energy spectrum coincides with
the physical spectra (7.39). The physical wave functions involve other quantum numbers
and we have in fact degeneracy of p + 1 only when these other quantum numbers would
be fixed. The total number of degeneracies may be calculated by taking into account the
further constraints on these quantum numbers.
7.5 Conclusion
In this chapter, we have introduced a new superintegrable monopole system in the Taub-
NUT space whose wave functions are given in terms of a product of Laguerre and Ja-
cobi polynomials. By construction, algebraically independent integrals of motion of the
Hamiltonian (7.4) make it a superintegrable system with monopole interactions. We have
presented the quadratic algebra and corresponding Casimir operator generated by the
integrals. The realization of this algebra in terms of deformed oscillator enables us to
provide the finite dimensional unitary representations and the degeneracy of the energy
spectrum of the monopole system.
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Chapter 8
Deformed Kepler system and
Yang-Coulomb monopole
Acknowledgement
This chapter is based on the work that was published in Ref. [94]. I have incorpo-
rated text of that paper [94]. In this chapter, we construct the integrals of motion
for the 5D deformed Kepler system with non-central potentials in su(2) Yang-Coulomb
monopole field. We show that these integrals form a higher rank quadratic algebra
Q(3;Lso(4), T su(2)) ⊕ so(4), with structure constants involving the Casimir operators of
so(4) and su(2) Lie algebras. We realize the quadratic algebra in terms of the deformed
oscillator and construct its finite-dimensional unitary representations. This enable us
to derive the energy spectrum of the system algebraically. Furthermore we show that
the model is multiseparable and allows separation of variables in the hyperspherical and
parabolic coordinates. We also show the separability of its 8D dual system (i.e. the 8D
singular harmonic oscillator) in the Euler and cylindrical coordinates.
8.1 Introduction
Quantum mechanical systems in Dirac monopole [44] or Yang’s non-abelian su(2) monopole
[226] fields have remained a subject of international research interest. In [215] the struc-
tural similarity between su(2) gauge system and the 5D Kepler problem was discussed in
the scheme of algebraic constraint quantization. Various 5D Kepler systems with su(2)
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monopole (or Yang-Coulomb monopole) interactions have been investigated by many
authors [19, 20, 111, 123, 146–150, 178, 186–188]. Superintegrability of certain monopole
systems has been shown in [93,95,151,154,162,197,203].
There exists established connection between 2, 3, 5 and 9-dimensional hydrogen-like
atoms and 2, 4, 8 and 16-dimensional harmonic oscillators, respectively [41, 128, 136,
140, 216, 217]. In [165] one of the present authors proved the superintegrability of the
5D Kepler system deformed with non-central terms in Yang-Coulomb monopole (YCM)
field. This was achieved by relating this system to an 8D singular harmonic oscillator via
the Hurwitz transformation [97,132]. An algebraic calculation of the spectrum of the 8D
dual system was performed, which enabled the author to deduce the spectrum of the 5D
deformed Kepler YCM system via duality between the two models.
However, algebraic structure of the 5D deformed Kepler YCM system and a direct
derivation of its spectrum via the symmetry algebra have remained an open problem.
Such algebraic approach is expected to provide deeper understanding to the degeneracies
of the energy spectrum and the connection of the wavefunctions with special functions
and orthogonal polynomials.
Symmetry algebras generated by integrals of motion of superintegrable systems are
in general polynomial algebras with structure constants involving Casimir operators of
certain Lie algebras [39, 64, 76, 89, 90, 92, 100, 114, 115, 176, 210]. The purpose of this
chapter is to obtain the algebraic structure in the 5D deformed Kepler YCM system and
apply it to give a direct algebraic derivation of the energy spectrum of the model. We
construct the integrals of motion and show that they form a higher rank quadratic algebra
Q(3;Lso(4), T su(2))⊕so(4) with structure constants involving the Casimir operators of so(4)
and su(2) Lie algebras. This quadratic algebra structure enable us to give an algebraic
derivation of the energy spectrum of the model. Furthermore, we show that the model is
separable in the hyperspherical and parabolic coordinates. We also show the separability
of its 8D dual system (i.e. the 8D singular harmonic oscillator) in Euler and cylindrical
coordinates.
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8.2 Kepler system in Yang-Coulomb monopole field
The 5D Kepler-Coulomb system with Yang-Coulomb monopole interaction is defined by
the Hamiltonian [146,165]
H =
1
2
(
−i~ ∂
∂xj
− ~AajTa
)2
+
~2
2r2
Tˆ 2 − c0
r
, (8.1)
where j = 0, 1, 2, 3, 4 and {Ta, a = 1, 2, 3} are the su(2) gauge group generators which
satisfy the commutation relations
[Ta, Tb] = iabcTc. (8.2)
Tˆ 2 = T aT a is the Casimir operator of su(2) and Aaj are the components of the monopole
potential Aa, which can be written as
Aaj =
2i
r(r + x0)
τajkxk. (8.3)
Here τa are the 5× 5 matrices
τ 1 =
1
2

0 0 0
0 0 −iσ1
0 iσ1 0
 , τ 2 = 12

0 0 0
0 0 iσ3
0 −iσ3 0
 , τ 3 = 12

0 0 0
0 σ2 0
0 0 σ2
 , (8.4)
which satisfy [τa, τ b] = iabcτ
c and σi are the Pauli matrices
σ1 =
0 1
1 0
 , σ2 =
0 −i
i 0
 , σ3 =
1 0
0 −1
 . (8.5)
The vector potentials Aa are orthogonal to each other,
Aa ·Ab = 1
r2
r − x0
r + x0
δab (8.6)
and to the vector x = (x0, x1, x2, x3, x4).
The Kepler-Coulomb model Hamiltonian has the following integrals of motion [226]
Ljk = (xjpik − xkpij)− r2~F ajkTa, Mk =
1
2
(pijLjk + Ljkpij) + c0
xk
r
, (8.7)
which satisfy [H,Ljk] = 0 = [H,Mk]. Here
F ajk = ∂jA
a
k − ∂kAaj + abcAbjAck. (8.8)
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is the Yang-Mills field tensor and pij = −i~ ∂∂xj − ~AajTa which obey the commutation
relations
[pij, xk] = −i~δjk, [pij, pik] = i~2F ajkTa. (8.9)
The integrals Ljk and Mk close to the so(6) algebra [134]
[Lij, Lmn] = i~δimLjn − i~δjmLin − i~δinLjm + i~δjnLim,
[Lij,Mk] = i~δikMj − i~δjkMi, [Mi,Mk] = −2i~HLik. (8.10)
The so(6) symmetry algebra is very useful in deriving the energy spectrum of the system
algebraically.
The Casimir operators of so(6) are given by [16,152]
Kˆ1 =
1
2
DµνDµν , Kˆ2 = µνρστλDµνDρσDτλ, Kˆ3 =
1
2
DµνDνρDρτDτµ, (8.11)
where µ, ν = 0, 1, 2, 3, 4 and
D =
 Ljk −(−2H)1/2Mk
(−2H)1/2Mk 0
 . (8.12)
The eigenvalues of the operators Kˆ1, Kˆ2 and Kˆ3 are [?]
K1 = µ1(µ1 + 4) + µ2(µ2 + 2) + µ
2
3, K2 = 48(µ1 + 2)(µ2 + 1)µ3,
K3 = µ
2
1(µ1 + 4)
2 + 6µ1(µ1 + 4) + µ
2
2(µ2 + 2)
2 + µ43 − 2µ23, (8.13)
respectively, where µ1, µ2 and µ3 are positive integers or half-integers and µ1 ≥ µ2 ≥ µ3.
One can represent the operators Kˆ1, Kˆ2, Kˆ3 in the form [152]
Kˆ1 = − c0
2~2H
+ 2Tˆ 2 − 4, Kˆ2 = 48
(
− µ0
2~2H
)1/2
Tˆ 2,
Kˆ3 = K
2
1 + 6K1 − 4K1Tˆ 2 − 12Tˆ 2 + 6Tˆ 4. (8.14)
Denote by T the eigenvalue of Tˆ 2. Then,
K1 − 2T (T + 1) = µ1(µ1 + 4),
µ22(µ2 + 2)
2 + µ43 − 2µ23 = 2T 2(T + 1)2, (8.15)
The energy levels of the Yang-Coulomb monopole system are given by
Tn = −
c0
2~2(n
2
+ 2)2
, (8.16)
where use has been made of µ1 =
n
2
with n being nonnegative integer.
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8.3 Kepler system with non-central potentials and
Yang-Coulomb monopole interaction
Let us now consider the 5D Kepler system deformed with non-central potentials in Yang-
Coulomb monopole field. The Hamiltonian is given by [146,165,226]
H =
1
2
(
−i~ ∂
∂xj
− ~AajTa
)2
+
~2
2r2
Tˆ 2 − c0
r
+
c1
r(r + x0)
+
c2
r(r − x0) ,
(8.17)
where c1 and c2 are positive real constants. We can construct the integrals of motion of
(8.17) by deforming the integrals (8.7) of (8.1),
A = L˜2 +
2rc1
(r + x0)
+
2rc2
(r − x0) ,
B = Mk +
c1(r − x0)
~2r(r + x0)
+
c2(r + x0)
~2r(r − x0) , (8.18)
where
L˜2 =
∑
j<k
L2jk, j, k = 0, 1, 2, 3, 4. (8.19)
It can be checked that these integrals satisfy the commutation relations
[H,A] = 0 = [H,B]. (8.20)
In addition, still some components of the first order integrals of motion Ljk for j, k =
1, 2, 3, 4 of the Hamiltonian (8.1) commute as well as with the Hamiltonian (8.17). So
the 5D deformed Kepler YCM system (8.17) is minimally superintegrable as it has 6
algebraically independent integrals of motion including H. Define
Lˆ2 =
∑
j<k
L2jk, j, k = 1, 2, 3, 4. (8.21)
Lˆ2 is a Casimir operator of the so(4) Lie algebra and is also a central element of the
commutation algebra. The integrals A,B (8.18) have the following differential operator
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realization:
A = ~2
[
−r2 ∂
2
∂x2j
+ xjxk
∂2
∂xj∂xk
+ 4xj
∂
∂xj
2r
r + x0
Tˆ 2
+2ir2AajTa
∂
∂xj
+
2rc1
(r + x0)
+
2rc2
(r − x0)
]
,
B = ~2
[
x0
∂2
∂x2j
− xj ∂
2
∂x0∂xj
+ i(r − x0)AajTa
∂
∂xj
− 2 ∂
∂x0
+
(r − x0)
r(r + x0)
Tˆ 2 +
c0
~2
x0
r
]
+
c1(r − x0)
~2r(r + x0)
+
c2(r + x0)
~2r(r − x0) . (8.22)
These differential expressions are associated with the multiseparability of the Hamiltonian,
as will be seen later. However, let us point out that in general systems with monopole
interactions are not separable [21].
8.4 Algebra structure, unirreps and energy spectrum
By direct computation, we can show that the integralsA, B (8.18) and the central elements
H, Lˆ2, Tˆ 2 close to form the following quadratic algebra Q(3;Lso(4), T su(2)),
[A,B] = C, (8.23)
[A,C] = 2{A,B}+ 8B − 2c0(c1 − c2)− 4c0Tˆ 2, (8.24)
[B,C] = −2B2 + 8HA− 4Lˆ2H + (16− 4c1 − 4c2)H + 2c20. (8.25)
The Casimir operator is a cubic combination of the generators, given explicitly by
Kˆ = C2 − 2{A,B2} − 4B2 − 2{4c0(c2 − c1)− 4c0Tˆ 2}B + 8HA2
+2{(16− 8c1 − 8c2)H − 4Lˆ2H + 2c20}A. (8.26)
Using the differential realization (8.22) of the integrals A and B, we can show that the
Casimir operator (8.26) takes the form,
Kˆ = −8H(Tˆ 2)2 + 16Lˆ2H − 8(c1 − c2)Tˆ 2H − 2{(c1 − c2)2
+8(2− c1 − c2)}H + 4c20Lˆ2 + 4c20(c1 + c2 − 1). (8.27)
Notice that the first order integrals of motion {Lij, i, j = 1, 2, 3, 4} generate the so(4)
algebra
[Lij, Lmn] = i~(δimLjn − δjmLin − δinLjm + δjnLim). (8.28)
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So the full dynamical symmetry algebra of the Hamiltonian (8.17) is a direct sum
Q(3;Lso(4), T su(2)) ⊕ so(4) of the quadratic algebra Q(3;Lso(4), T su(2)) and the so(4) Lie
algebra, with structure constants involving the Casimir operators Lˆ2, Tˆ 2 of so(4), su(2).
In order to obtain the energy spectrum of the system, we now construct a realization
of the quadratic algebra Q(3;Lso(4), T su(2)) in terms of the deformed oscillator algebra of
the form [38,39],
[ℵ, b†] = b†, [ℵ, b] = −b, bb† = Φ(ℵ+ 1), b†b = Φ(ℵ). (8.29)
Here ℵ is the number operator and Φ(x) is well behaved real function satisfying
Φ(0) = 0, Φ(x) > 0, ∀x > 0. (8.30)
It is non-trivial to obtain such a realization and to find the structure function Φ(x). After
long computations, we get
A = (ℵ+ u)2 − 9
4
, B = b(ℵ) + b†ρ(ℵ) + ρ(ℵ)b, (8.31)
where
b(ℵ) = c0(c1 − c2) + c0Tˆ
2
(ℵ+ u)2 − 1
4
,
ρ(ℵ) = 1
3.220(ℵ+ u)(1 + ℵ+ u){1 + 2(ℵ+ u)2} , (8.32)
and u is a constant to be determined from the constraints on the structure function Φ.
Using (8.23-8.25) and (8.26), we find
Φ(x;u,H) = 98304[2c20 +H{1− 2(x+ u)}2][4c21 + 4c22 + {1− 2(x+ u)}2
×{4(x+ u)(x+ u− 1)− 4Lˆ2 − 3} − 4c1[2c2 + {1− 2(x+ u)}2
−4Tˆ 2] + 16(Tˆ 2)2 − 4c2[{1− 2(x+ u)}2 + 4Tˆ 2]]. (8.33)
A set of appropriate quantum numbers can be defined in same way as in [198, 215]. We
can use the subalgebra chains so(4) ⊃ so(3) ⊃ so(2) and so(3) ⊃ so(2) for Lˆ2 and Tˆ 2
respectively. The Casimir operators Jˆ2(α) of the related chains can be written as [198]
Jˆ2(α) =
α∑
i<j
J2ij, α = 2, 3, 4. (8.34)
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We need to use an appropriate Fock space in order to obtain finite-dimensional unitary
irreducible representations (unirreps) of Q(3;Lso(4), T su(2)). Let |n,E >≡ |n,E, l4, l3, l2 >
donote the Fock basis states, where l4, l3, l2 are quantum numbers of Jˆ
2
(α), α = 4, 3, 2,
respectively. Then the eigenvalues of the Casimir operators Lˆ2 and Tˆ 2 are ~2l4(l4 + 2)
and ~2T (T + 1), respectively. By acting the structure function on the Fock states |n,E〉
with ℵ|n,E〉 = n|n,E〉 and using the eigenvalues of H, Lˆ2 and Tˆ 2, we get
Φ(x;u,E) = [x+ u− (1
2
− c0√−2E )][x+ u− (
1
2
+
c0√−2E )]
×[x+ u− 1
2
(1 +m1 +m2)][x+ u− 1
2
(1 +m1 −m2)]
×[x+ u− 1
2
(1−m1 +m2)][x+ u− 1
2
(1−m1 −m2)], (8.35)
where m21 = 1+2c1 +~2l4(l4 +2)+2~2T (T +1), m22 = 1+2c2 +~2l4(l4 +2)−2~2T (T +1).
For the unirreps to be finite dimensional, we impose the following constraints on the
structure function (8.35),
Φ(p+ 1;u,E) = 0, Φ(0;u,E) = 0, Φ(x) > 0, ∀x > 0, (8.36)
where p is a positive integer. These constraints give (p + 1)-dimensional unirreps and
their solution gives the energy E and constant u. The energy spectrum is
E = − c
2
0
2(p+ 1 + m1+m2
2
)2
. (8.37)
The total number of degeneracies depends on p+1 only when the other quantum numbers
would be fixed. These quantum numbers do not increase the total number of degeneracies.
8.5 Separation of variables
In this section we show that the Hamiltonian (8.17) is multiseparatble and allows sepa-
ration of variables in the hypersherical and parabolic coordinates. We also show that the
dual system of (8.17) is separable in the Euler and cylindrical coordinates.
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8.5.1 Hyperspherical coordinates
We define the hyperspherical coordinates r ∈ [0,∞), θ ∈ [0, pi], α ∈ [0, 2pi), β ∈ [0, pi] and
γ ∈ [0, 4pi) in the space R5 by
x0 = r cos θ,
x1 + ix2 = r sin θ cos
β
2
ei(α+γ)/2,
x3 + ix4 = r sin θ sin
β
2
ei(α−γ)/2. (8.38)
In this coordinate system the differential elements of length, volume and the Laplace
operator can be expressed [150] as
dl2 = dr2 + r2dθ2 +
r2
4
sin2 θ(dα2 + dβ2 + dγ2 + 2 cos θdαdγ),
dV =
r4
8
sin3 θ sin βdrdθdαdβdγ,
∆ =
1
r4
∂
∂r
(r4
∂
∂r
) +
1
r2 sin3 θ
∂
∂θ
(sin3 θ
∂
∂θ
)− 4Lˆ
2
r2 sin2 θ
, (8.39)
with Lˆ2 = L21 + L
2
2 + L
2
3 and
L1 = i
(
cosα cot β
∂
∂α
+ sinα
∂
∂β
− cosα
sin β
∂
∂γ
)
,
L2 = −i
(
sinα cot β
∂
∂α
− cosα ∂
∂β
− sinα
sin β
∂
∂γ
)
,
L3 = i
∂
∂α
. (8.40)
With the help of the identity [147]
iAaj
∂
∂xj
=
2
r(r + x0)
La, (8.41)
with
L1 =
i
2
(D41 +D32), L2 =
i
2
(D13 +D42),
L3 =
i
2
(D12 +D34), Djk = −xj ∂
∂xk
+ xk
∂
∂xj
, (8.42)
the Schro¨dinger equation Hψ = Eψ of (8.17) can be written as[
∆rθ − Lˆ
2 + c2
~2r2 sin2 θ
2
− Jˆ
2 + c1
~2r2 cos2 θ
2
]
ψ +
2
~2
(E +
c0
r
)ψ = 0, (8.43)
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where
∆rθ =
1
r4
∂
∂r
(r4
∂
∂r
) +
1
r2 sin3 θ
∂
∂θ
(sin3 θ
∂
∂θ
), (8.44)
Jˆ2 = JaJa with Ja = La+Ta, a = 1, 2, 3. The operators La and Ja satisfy the commutation
relations
[La, Lb] = iabcLc, [Ja, Jb] = iabcJc. (8.45)
Equation (8.43) is separable in the hyperspherical coordinates using the eigenfunctions of
Lˆ2, Tˆ 2 and Jˆ2 with the eigenvalues ~2L(L+ 1), ~2T (T + 1) and ~2J(J + 1), respectively.
This is seen as follows. We make the separation ansatz [147]
ψ = Φ(r, θ)DJMLTm′t′(α, β, γ, αT , βT , γT ), (8.46)
where
DJMLTm′t′(α, β, γ, αT , βT , γT ) =
√
(2L+ 1)(2T + 1)
4pi4
∑
M=m+t
CJML,m;T,t
×DLmm′(α, β, γ)DTtt′(αT , βT , γT ), (8.47)
and CJML,m;T,t are the Clebseh-Gordon coefficients that arise in angular momentum cou-
pling and appear as the expansion coefficients of total angular momentum eigenstates in
uncoupled tensor product basis [34]; Djmm′ are the su(2) Wigner D-functions of dimension
2j + 1 with j = 0, 1/2, 1, 3/2, 2, . . . and m = −j,−j + 1, . . . , j [219]. Substituting the
ansatz into (8.43) leads to the differential equation for the the function Φ(r, θ)[
∆rθ −
L(L+ 1) + c2~2
r2 sin2 θ
2
− J(J + 1) +
c1
~2
r2 cos2 θ
2
+
2
~2
(E +
c0
r
)
]
Φ(r, θ) = 0.
(8.48)
Setting the function Φ(r, θ) = R(r)F (θ), (8.48) is separated into the ordinary differential
equations[
d2
dθ2
+ 3 cot θ
d
dθ
− 2{L(L+ 1) +
c2
~2}
1− cos θ −
2{J(J + 1) + c1~2}
1 + cos θ
+ Λ
]
F (θ) = 0,
(8.49)[
d2
dr2
+
4
r
d
dr
+
2
~2
(E +
c0
r
)− Λ
r2
]
R(r) = 0, (8.50)
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where Λ is the separation constant. Solutions of (8.49) and (8.50) in terms of the Jacobi
and confluent hypergeometric polynomials [3] are as follows
F (θ) = FλJL(θ; δ1, δ2)(1 + cos θ)
(δ1+J)/2(1− cos θ)(δ2+L)/2
×P (δ2+L,δ1+J)λ−J−L (cos θ),
R(r) = Rnλ(r : δ1, δ2)e
−κr
2 (κr)λ+
δ1+δ2
2 1F1(−n, 4 + 2λ+ δ1 + δ2;κr), (8.51)
where
Λ = (λ+
δ1 + δ2
2
)(λ+
δ1 + δ2
2
+ 3), λ ∈ N,
δ1 = −1 +
√
4c1
~2
+ (2J + 1)2 − J, δ2 = −1 +
√
4c2
~2
+ (2L+ 1)2 − L,
−n = − 2c0
~2κ
+
δ1 + δ2
2
+ λ+ 2, E =
−κ2~2
8
. (8.52)
Hence the energy spectrum
E = − c
2
0
2~2(n+ λ+ 2 + δ1+δ2
2
)2
. (8.53)
This physical spectrum coincides with (8.37) obtained from algebraic derivation by the
identification p = n+ λ+ 1, δ1 = m1, δ2 = m2 and ~ = 1.
8.5.2 Parabolic coordinates
The parabolic coordinates are defined by
x0 =
1
2
(µ− ν),
x1 + ix2 =
√
µν cos
β
2
ei(α+γ)/2,
x3 + ix4 =
√
µν sin
β
2
ei(α−γ)/2, (8.54)
with µ, ν ∈ [0,∞). The differential elements of length, volume and Laplace operator in
this coordinates can be expressed as
dl2 =
µ+ ν
4
(
dµ2
µ
+
du2
ν
)
+
µν
4
(dα2 + dβ2 + dγ2 + 2 cos θdαdγ),
dV =
µν
32
(µ+ ν) sin βdµdνdαdβdγ,
∆ =
4
µ+ ν
[
1
µ
∂
∂µ
(µ2
∂
∂µ
) +
1
ν
∂
∂ν
(ν2
∂
∂ν
)
]
− 4
µν
Lˆ2. (8.55)
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The Schro¨dinger equationHψ = Eψ of the Hamiltonian (8.17) in this coordinates becomes[
∆µν − 4(Jˆ
2 + c1)
~2µ(µ+ ν)
− 4(Lˆ
2 + c2)
~2ν(ν + µ)
+
2
~2
(E +
c0
µ+ ν
)
]
ψ = 0, (8.56)
where
∆µν =
4
µ+ ν
[
1
µ
∂
∂µ
(µ2
∂
∂µ
) +
1
ν
∂
∂ν
(ν2
∂
∂ν
)
]
. (8.57)
Making the ansatz of the form [147]
ψ = f1(µ)f2(ν)D
JM
LTm′t′(α, β, γ, αT , βT , γT ), (8.58)
in (8.56), the wave functions are separated and lead to the following ordinary differential
equations
1
µ
d
dµ
(µ2
df1
dµ
) +
[
E
2~2
µ− J(J + 1) +
c1
~2
µ
+
c0
2~2
+
~
2
Λ˜
]
f1 = 0, (8.59)
1
ν
d
dν
(ν2
df2
dν
) +
[
E
2~2
ν − L(L+ 1) +
c2
~2
ν
+
c0
2~2
− ~
2
Λ˜
]
f2 = 0, (8.60)
where Λ˜ is the separation constant. Solutions of (8.59) and (8.60) are given by the
confluent hypergeometric polynomials [3],
f1 = e
−κµ
2 (κµ)δ1+JF (−n1, δ1 + J + 2, κµ),
f2 = e
−κν
2 (κν)δ2+LF (−n2, δ2 + L+ 2, κν), (8.61)
where
δ1 = −1 +
√
4c1
~2
+ (2J + 1)2 − J, δ2 = −1 +
√
4c2
~2
+ (2L+ 1)2 − L,
−n1 = 1
2
(δ1 + J) + 1− ~
2κ
Λ˜− c0
2κ~2
, E =
−~2κ2
2
,
−n2 = 1
2
(δ2 + L) + 1 +
~
2κ
Λ˜− c0
2κ~2
. (8.62)
Set
n1 + n2 =
c0
κ~2
− 1
2
(δ1 + δ2 + J + L)− 2. (8.63)
The energy spectrum
E = − c
2
0
2~2{n1 + n2 + 12(δ1 + δ2 + J + L) + 2}2
. (8.64)
Making the identification p = n1 + n2 +
J+L
2
+ 1, δ1 = m1, δ2 = m2 and ~ = 1, the energy
spectrum becomes (8.37).
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8.5.3 Euler spherical coordinates
The 5D Kepler system with non-central terms and Yang-Coulomb monopole is dual to the
8D singular oscillator via Hurwitz transformation [165]. The symmetry algebra structure
and energy spectrum of the 8D singular oscillator has been studied in [165]. In this and
next subsections we show the separability this dual system in the Euler spherical and
cylindrical coordinates, and compare our results for the spectrum with those obtained
in [165].
The Hamiltonian of the 8D singular oscillator reads
H = −~
2
2
7∑
i=0
∂2
∂u2i
+
ω2
2
7∑
i=0
u2i +
λ1
u20 + u
2
1 + u
2
2 + u
2
3
+
λ2
u24 + u
2
5 + u
2
6 + u
2
7
.
(8.65)
In the Euler 8D spherical coordinates [123]
u0 + iu1 = u cos
θ
2
sin
βT
2
e−i
(αT−γT )
2 , u2 + iu3 = u cos
θ
2
cos
βT
2
ei
(αT+γT )
2 ,
u4 + iu5 = u sin
θ
2
sin
βK
2
ei
(αK−γK )
2 , u6 + iu7 = u sin
θ
2
cos
βK
2
e−i
(αK+γK )
2 , (8.66)
where 0 ≤ u <∞, 0 ≤ θ ≤ pi, we have
7∑
i=0
∂2
∂u2i
=
1
u7
∂
∂u
(u7
∂
∂u
) +
4
u2 sin3 θ
∂
∂θ
(sin3 θ
∂
∂θ
)− 4
u2 cos2 θ
2
Tˆ 2 − 4
u2 sin2 θ
2
Kˆ2,
(8.67)
with
Tˆ 2 = −
[
∂2
∂β2T
+ cot βT
∂
∂βT
+
1
sin2 βT
(
∂
∂α2T
− 2 cos βT ∂
2
∂αT∂γT
+
∂2
∂γ2T
)]
, (8.68)
Kˆ2 = −
[
∂2
∂β2K
+ cot βK
∂
∂βK
+
1
sin2 βK
(
∂
∂α2K
− 2 cos βK ∂
2
∂αK∂γK
+
∂2
∂γ2K
)]
. (8.69)
For the separation of the wavefunctions in the form
ψ = R(u)F (θ)DTtt′(αT , βT , γT )D
K
kk′(αK , βK , γK), (8.70)
with
Tˆ 2DTtt′ = T (T + 1)D
T
tt′ , Kˆ
2DKkk′ = K(K + 1)D
K
kk′ , (8.71)
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the Schro¨dinger equation HΨ = Ψ leads to the ordinary differential equations[
d2
du2
+
7
u
d
du
− Γ
u2
+
2
~2
− ω
2
~2
u2
]
R(u) = 0, (8.72)[
1
sin3 θ
d
dθ
(sin3 θ
d
dθ
)− T (T + 1) +
λ1
2~2
cos2 θ
2
− K(K + 1) +
λ2
2~2
sin2 θ
2
+
Γ
4
]
F (θ) = 0,
(8.73)
where Γ is the separation of constant. The solution of (8.73) in terms of Jacobi polynomials
[3] as follows
F (θ) = FλTK(θ; δ1, δ2)(1 + cos θ)
(δ1+T )/2(1− cos θ)(δ2+K)/2
×P (δ2+K,δ1+T )λ−T−K (cos θ), (8.74)
where
Γ = 4(λ+
δ1 + δ2
2
)(λ+
δ1 + δ2
2
+ 3), λ ∈ N,
δ1 = −1 +
√
2λ1
~2
+ (2T + 1)2 − T,
δ2 = −1 +
√
2λ2
~2
+ (2K + 1)2 −K. (8.75)
The solution of (8.72) in terms of the confluent hypergeometric functions [3]
R(u) = Rnλ(u; δ1, δ2)e
−κu2
2 (κu2)λ+
δ1+δ2
2 1F1(−n, 4 + 2λ+ δ1 + δ2;κu2), (8.76)
where
−n = δ1 + δ2
2
+ λ+ 2− 
2κ~2
, ω2 = κ2~2. (8.77)
Hence
 = 2~2κ(n+
δ1 + δ2
2
+ λ+ 2). (8.78)
Using the relations between the parameters of the generalized Yang-Coulomb monopole
and the 8D singular oscillator,
c0 =

4
, E =
−ω2
8
, 2ci = λi, i = 1, 2, (8.79)
we obtain
E = − c
2
0
2~2
(
n+ λ+ 2 + δ1+δ2
2
)2 , (8.80)
which coincides with (8.53).
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8.5.4 Cylindrical coordinates
Consider the 8D cylindrical coordinates
u0 + iu1 = ρ1 sin
βT
2
e−i
(αT−γT )
2 , u2 + iu3 = ρ1 cos
βT
2
ei
(αT+γT )
2 ,
u4 + iu5 = ρ2 sin
βK
2
ei
(αK−γK )
2 , u6 + iu7 = ρ2 cos
βK
2
e−i
(αK+γK )
2 , (8.81)
where 0 ≤ ρ1, ρ2 <∞. Then we have in this coordinate system,
7∑
i=0
∂2
∂u2i
=
1
ρ31
∂
∂ρ1
(ρ31
∂
∂ρ1
) +
1
ρ32
∂
∂ρ2
(ρ32
∂
∂ρ2
)− 4
ρ21
Tˆ 2 − 4
ρ22
Kˆ2, (8.82)
Tˆ 2 = −
[
∂2
∂β2T
+ cot βT
1
sin2 βT
(
∂
∂α2T
− 2 cos βT ∂
2
∂αT∂γT
+
∂2
∂γ2T
)]
, (8.83)
Kˆ2 = −
[
∂2
∂β2K
+ cot βK
1
sin2 βK
(
∂
∂α2K
− 2 cos βK ∂
2
∂αK∂γK
+
∂2
∂γ2K
)]
. (8.84)
Making the ansatz
ψ = f1f2D
T
tt′(αT , βT , γT )D
K
kk′(αK , βK , γK) (8.85)
and change of variables xi = a
2ρ2i , a =
√
ω
~ , the Schro¨dinger equation Hψ = ψ is
converted to
x1
d2f1
dx21
+ 2
df1
dx1
−
[
T (T + 1) + λ1
2~2
x1
+
x1
4
− 1
2~ω
]
f1 = 0, (8.86)
x2
d2f2
dx22
+ 2
df2
dx2
−
[
K(K + 1) + λ2
2~2
x2
+
x2
4
− 2
2~ω
]
f2 = 0. (8.87)
where 1 + 2 = . Setting fi = e
−xi
2 x
δi+zi
2
i W (xi), i = 1, 2, then (8.86) and (8.87) become
xi
d2W (xi)
dx2i
+ (γi − xi)dW (xi)
dxi
− αiW (xi) = 0, (8.88)
where αi =
γi
2
− i
2~ω , γi = δi + zi + 2, z1 = T , z2 = K and
δi = −1 +
√
2λi
~2
+ (2zi + 1)2 − zi, i = 1, 2. (8.89)
Solutions of (8.88) in terms of confluent hypergeometric polynomials [3] are given by
fni,γi = (aρi)
γi−2e−
a2ρ2i
2 1F1(−ni, γi, a2ρ2i ), (8.90)
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where
ni =
i
2~ω
− 1
2
(δi + zi + 2), i = 1, 2. (8.91)
We thus found the energy spectrum of the 8D singular oscillator
 = 2~ω
(
n1 + n2 +
δ1 + δ2
2
+
T +K
2
+ 2
)
. (8.92)
Using the relations (8.79) between the parameters of the generalized Yang-Coulomb
monopole and the 8D singular oscillator, we obtain
E = − c
2
0
2~2
(
n1 + n2 +
δ1+δ2
2
+ T+K
2
+ 2
)2 , (8.93)
which coincides with (8.37) by making the identification p = n1 +n2 +
T+K
2
+ 1, δ1 = m1,
δ2 = m2 and ~ = 1.
8.6 Conclusion
One of the results of this chapter is the determination of the higher rank quadratic algebra
structure Q(3;Lso(4), T su(2)) ⊕ so(4) in the 5D deformed Kepler system with non-central
terms and Yang-Coulomb monopole interaction. The structure constants of the quadratic
algebra Q(3;Lso(4), T su(2)) contain Casimir operators of the so(4) and su(2) Lie algebras.
The realization of this algebra in terms of deformed oscillator enable us to provide the
finite dimensional unitary representations and the degeneracy of the energy spectrum
of the model. We also connected these results with method of separation of variables,
solution in terms of orthogonal polynomials and the dual under Hurwitz transformation
which is a 8D singular oscillator.
It would be interesting to extend these results to systems in curved spaces, in particular
to the 8D pseudospherical (Higgs) oscillator and its dual system involving monopole [20].
Moreover, higher dimensional superintegrable models with monopole interactions are still
relatively unexplored area. One of the open problems is to construct the non-central
deformations of the known higher-dimensional models [130, 175] and their symmetry al-
gebras.
Chapter 9
Constructive approach on superintegrable
monopole systems
Acknowledgement
This chapter is based on the work that was published in Ref. [95]. I have incorporated text
of that paper [95]. In this chapter, we revisit the MIC-harmonic oscillator in flat space
with monopole interaction and derive the polynomial algebra satisfied by the integrals
of motion and its energy spectrum using the ad hoc recurrence approach. We introduce
a superintegrable monopole system in generalized Taub-NUT space. The Schro¨dinger
equation of this model is solved in spherical coordinates in the framework of Sta¨ckel
transformation. It is shown that wave functions of the quantum system can be expressed
in terms of the product of Laguerre and Jacobi polynomials. We construct ladder and
shift operators based on the corresponding wave functions and obtain the recurrence
formulas. By applying these recurrence relations, we construct higher order algebraically
independent integrals of motion. We show the integrals form a polynomial algebra. We
construct the structure functions of the polynomial algebra and obtain the degenerate
energy spectra of the model.
9.1 Introduction
The connection between quantum models and magnetic monopoles, integrable and su-
perintegrable systems is well-known. In this paper, we show that the same connection
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applies to the harmonic oscillator with Abelian monopole using the recurrence approach.
To our knowledge the recurrence approach had not previously been applied to Hamiltonian
systems with magnetic monopole interactions.
In classical and quantum mechanical systems, constructive approach is one of the
powerful tools to derive integrals of motion. The first- and second-order ladder operators
have been used by several authors to construct integrals of motion and their corresponding
polynomial algebras [23, 55, 63, 109, 161]. There are many distinct approaches for the
constructions of integrals of motion using higher order ladder operators (see e.g. [2, 42,
110, 129, 157, 164, 168, 171, 196]). In fact, there is a close connection between recurrence
approach and special functions and orthogonal polynomials [117]. The operator version of
recurrence relations, their algebraic relations [27, 28] and connection to Lissajous models
related to Jacobi exceptional orthogonal polynomials were investigated [172]. Recently
the authors in the present paper applied coupling constant metamorphosis to systems
amenable to the ladder operator method [92]. However most these previous studies have
been restricted to systems with scalar potentials.
Superintegrable systems with non-scalar potentials such as spin [124, 179, 220], mag-
netic field and magnetic monopole [45, 108, 133, 150, 222] have recently attracted much
interest. In [163], a quantum superintegrable system in the field of Kaluza-Klein magnetic
monopole was studied. We are interested superintegrable monopole system in space with
Taub-NUT metric. The geodesic of the Taub-NUT metric appropriately describes the mo-
tion of well-separated monopole-monopole interactions ( see e.g. [35, 36, 67, 79, 106, 107]).
Recently we introduced a Kepler quantum monopole system in a generalized Taub-NUT
space which includes the Kaluza-Klein and MIC-Zwanziger monopole systems as special
cases [93].
The purpose of the present chapter is twofold: Firstly we revisit the MIC-harmonic
oscillator in the field of magnetic monopole in flat space [133] by means of a somewhat
ad hoc recurrence approach. We construct the integrals of motion and (polynomial)
algebraic relations satisfied by them. This enables us to present an algebraic derivation of
the energy spectrum of the system. Secondly we introduce a new MIC-harmonic oscillator
type Hartmann system with monopole interaction in a generalized Taub-NUT space. We
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construct its integrals of motion using recurrence relations based on wave functions. We
show the integrals satisfy a higher-order polynomial algebra and apply this algebraic
structure to derive the energy spectrum.
9.2 MIC-harmonic oscillator with monopole in flat
space
The problem of the accidental degeneracies in the spectrum of a harmonic oscillator in
the field of magnetic monopole was investigated in [133, 174]. In this section we revisit
this model using a somewhat ad hoc recurrence method.
Consider the Hamiltonian with monopole interaction
H =
1
2
[
p2 +
c0r
2
2
+
Q2
r2
]
, (9.1)
where pi = −i∂i−AiQ; A1 = −yr(r+z) , A2 = xr(r+z) , and A3 = 0 are the 3 components of the
vector potential associated with the magnetic monopole; c0 and Q are constants. This
system is the well-known MIC-harmonic oscillator [174]. Setting Q2 = λ and c0
2
= ω2, the
Hamiltonian becomes the one in [133]. The total angular momentum of the system reads
L = r× p−Qr
r
. (9.2)
The eigenvalues of L2 are, as usual, of the form l(l+ 1) with l = |Q|, |Q|+ 1, |Q|+ 2, . . . .
Let
T = −1
4
(r.p− p.r), S = − 1
2ω
(
1
2
p2 +
Q2
2r2
− ω
2r2
2
)
. (9.3)
Then T , S and 1
2ω
H satisfy the O(2, 1) commutation relations and eigenstates of H
belong to irreducible O(2, 1) representation spaces [133]. The eigenvalues of H is of the
form 2ω(d+l +n), where n = 0, 1, 2, . . . and d
+
l =
1
2
{1+(l+ 1
2
)}. As pointed out in [133], a
complete set of quantum number is obtained by simultaneously diagonalizing H, L2, L3.
The action of H, L2 and L3 on the basis vectors |n, l,m〉 is given by
H|n, l,m〉 = 2ω(d+l + n)|n, l,m〉, n = 0, 1, 2, . . . , (9.4)
L2|n, l,m〉 = l(l + 1)|n, l,m〉, l = |Q|, |Q|+ 1, . . . , (9.5)
L3|n, l,m〉 = m|n, l,m〉, m = −l,−l + 1, . . . , l − 1, l. (9.6)
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The physical energy spectrum of H is found to be
Ek = ω(k +
3
2
), k = 2n+ l. (9.7)
Introduce [133]
ai =
1√
2
(ui +
i
ω
u˙i) and a
†
i =
1√
2
(ui +
i
ω
u˙i), (9.8)
where ui =
ijk√
2
(Ljrk + rkLj) and u˙i =
ijk√
2
(Ljvk + vkLj), i, j, k = 1, 2, 3. They also satisfy
the commutation relations [H, a†i ] = ωa
†
i and [H, ai] = −ωai. Let
A =
1
2ω
(H + ωB − ω), H± ≡ S ± iT, (9.9)
where B =
√
L2 + 1
4
which is a well-defined operator [133].
We now construct ladder operators
AX+ = Aa†3 −H+a3 and X−A = a3A− a†3H−. (9.10)
Then on the basis vectors |n, l,m〉,
H+|n, l,m〉 =
√
(n+ 1)(n+ l +
3
2
)|n+ 1, l,m〉, (9.11)
H−|n, l,m〉 =
√
n(n+ l +
1
2
)|n− 1, l,m〉, (9.12)
a3|n, l,m〉 = c0(n, l − 1,m)|n, l − 1,m〉+ c1(n− 1, l + 1,m)
×|n− 1, l + 1,m〉, (9.13)
a†3|n, l,m〉 = c∗0(n, l,m)|n, l + 1,m〉+ c∗1(n, l,m)|n+ 1, l − 1,m〉,
(9.14)
AX+|n, l,m〉 = (l + 3
2
)c∗0(n, l,m)|n, l + 1,m〉, (9.15)
X−A|n, l,m〉 = (l + 1
2
)c0(n, l − 1,m)|n, l − 1,m〉, (9.16)
where
c0(n, l,m) = −i
√
(2n+ 2l + 3)(l −m+ 1)(l +m+ 1)(l −Q+ 1)(l +Q+ 1)
ω(2l + 1)(2l + 3)
,
c1(n, l,m) = i
√
2(n+ 1)(l −m)(l +m)(l −Q)(l +Q)
ω(2l − 1)(2l + 1) .
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9.2.1 Integrals of motion, algebra structure and unirreps
We now take the combinations
D1 = H+(X
−A)2(B − 2), D2 = (B − 2)(AX+)2H− (9.17)
whose action on the basis vectors show the raising and lowering of quantum numbers
while preserving energy E. We have
D1|n, l,m〉 = (l − 3
2
)(l − 1
2
)(l +
1
2
)
√
(n+ 1)(n+ l − 1
2
)c0(n, l − 1,m)
×c0(n, l − 2,m)|n+ 1, l − 2,m〉, (9.18)
D2|n, l,m〉 = (l + 1
2
)(l +
3
2
)(l +
5
2
)
√
n(n+ l +
1
2
)c∗0(n− 1, l,m)
×c∗0(n− 1, l + 1,m)|n− 1, l + 2,m〉. (9.19)
We can also obtain the action of the operators D1D2 and D2D1 on the basis vectors. Then
together with (9.4), (9.5) and (9.6), we can conclude that on the operator level,
[D1, H] = 0 = [D2, H], [D1, L3] = 0 = [D2, L3], (9.20)
[B,D1] = −2D1, [B,D2] = 2D2, (9.21)
D1D2 =
B(B + 2)
16384ω6
[2B − 2L3 − 1][2B − 2L3 + 1][2B + 2L3 − 1]
×[2B + 2L3 + 1][2B − 2Q− 1][2B − 2Q+ 1][2B + 2Q− 1]
×[2B + 2Q+ 1][H + ωB − ω]2[H − ωB − ω][H + ωB + ω],
(9.22)
D2D1 =
(B − 2)B
16384ω6
[2B − 2L3 − 3][2B − 2L3 − 1][2B + 2L3 − 3]
×[2B + 2L3 − 1][2B − 2Q− 3][2B − 2Q− 1][2B + 2Q− 3]
×[2B + 2Q− 1][H + ωB − 3ω]2[H − ωB + ω][H + ωB − ω].
(9.23)
Thus D1, D2 and B form a higher-order polynomial algebra with central elements H and
L3. In order to derive the spectrum using the polynomial algebra, we realize this algebra
in terms of deformed oscillator algebra [38,39] {ℵ, b†, b} of the form
[ℵ, b†] = b†, [ℵ, b] = −b, bb† = Φ(ℵ+ 1), b†b = Φ(ℵ). (9.24)
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Here ℵ is the number operator and Φ(x) is well behaved real function satisfying
Φ(0) = 0, Φ(x) > 0, ∀x > 0. (9.25)
We rewrite ((9.20)-(9.23)) in the form of deformed oscillator (9.24) by letting ℵ = B
2
,
b = D1 and b
† = D2. We then obtain the structure function
Φ(x;u,E) =
(2x+ u)(2x+ u− 2)
16384ω6
[E + ω(2x+ u− 3)]2[E − ω(2x+ u− 1)]
×[E + ω(2x+ u− 1)][2(u+ 2x)− 2L3 − 3][2(u+ 2x)− 2L3 − 1]
×[2(u+ 2x) + 2L3 − 3][2(u+ 2x) + 2L3 − 1][2(u+ 2x)− 2Q− 3]
×[2(u+ 2x)− 2Q− 1][2(u+ 2x) + 2Q− 3][2(u+ 2x) + 2Q− 1],
(9.26)
where u is arbitrary constant. In order to obtain the (p + 1)-dimensional unirreps, we
should impose the following constraints on the structure function
Φ(p+ 1;u,E) = 0, Φ(0;u,E) = 0, Φ(x) > 0, ∀x > 0, (9.27)
where p is a positive integer. These constraints give (p+ 1)-dimensional unitary represen-
tations and their solution gives the energy E and the arbitrary constant u. We have the
following possible constant u and energy spectra E, for the constraints ε1 = ±1, ε2 = ±1,
ε3 = ±1:
u =
1
2
(1 + 2ε1m), E =
ε2ω
2
[2 + ε3(1 + 4p) + 2ε1m]; (9.28)
u =
1
2
(1 + 2ε1Q), E =
ε2ω
2
[2 + ε3(1 + 4p) + 2ε1Q]; (9.29)
u =
1
ω
(ω + ε1E), E =
ε2ω
2
(3 + 2p+ 2ε1m); (9.30)
u =
1
ω
(ω + ε1E), E =
ε2ω
2
(3 + 2p+ 2ε1Q). (9.31)
Making the identification p = n, l = m, ε1 = 1, ε2 = 1, ε3 = 1, the energy spectra (9.28)
and (9.30) coincide with the physical spectra (9.7). The physical wave functions involve
other quantum numbers and we have in fact the degeneracy of p only when these other
quantum numbers would be fixed.
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9.3 MIC-harmonic oscillator with monopole in gen-
eralized Taub-NUT space
Let us consider the generalized Taub-NUT metric in R3
ds2 = f(r)dl2 + g(r)(dψ + Aidr)
2, (9.32)
where
f(r) = ar2 + b, g(r) =
r2(ar2 + b)
1 + c1r2 + dr4
, (9.33)
A1 =
−y
r(r + z)
, A2 =
x
r(r + z)
, A3 = 0, (9.34)
r =
√
x2 + y2 + z2 and the three dimensional Euclidean line element dl2 = dx2+dy2+dz3,
a, b, c1, d are constants. Here ψ is the additional angular variable which describes the
relative phase and its coordinate is cyclic with period 4pi [35,78]. The functions f(r) and
g(r) in the metric represent gravitational effects and Ai are components of the potential
associated with the magnetic monopole field.
We consider the Hamiltonian associated with (9.32)
H =
1
2
[
1
f(r)
{
p2 +
c0r
2
2
+ c4
}
+
Q2
g(r)
]
, (9.35)
where c0 and c4 are constants and the operators
pi = −i(∂i − iAiQ), Q = −i∂ψ (9.36)
satisfying the following commutation relations
[pi, pj] = iijkMkQ, [pi, Q] = 0, M =
r
r3
. (9.37)
The system with Hamiltonian (9.35) is a Hartmann system in a curved Taub-NUT space
with abelian monopole interaction. This new system is referred to as MIC-harmonic
oscillator monopole system. In this section, we solve the Schro¨dinger Sta¨ckel equivalent
of the system (9.35) in spherical coordinates, derive the recurrence relations and construct
higher order integrals and the corresponding higher order polynomial algebra.
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9.3.1 Separation of variables
Let us consider the spherical coordinates
x = r sin θ cosφ, y = r sin θ sinφ, z = r cos θ, (9.38)
where r > 0, 0 ≤ θ ≤ pi and 0 ≤ φ ≤ 2pi. In terms of these coordinates, the Taub-NUT
metric (9.32) takes on the form
ds2 = f(r)(dr2 + r2dθ2 + r2 sin2 θdφ2) + g(r)(dψ + cos θdφ)2, (9.39)
A1 = −1
r
tan
θ
2
sinφ, A2 =
1
r
tan
θ
2
cosφ, A3 = 0. (9.40)
The Schro¨dinger equation of the model (9.35) is
HΨ(r, θ, φ, ψ) =
−1
2(ar2 + b)
[
∂2
∂r2
+
2
r
∂
∂r
− c0r
2
2
− c4
+
1
r2
(
∂2
∂θ2
+ cot θ
∂
∂θ
+
1
sin2 θ
∂2
∂φ2
)
+
(
1
r2 cos2 θ
2
+ c1 + dr
2
)
× ∂
2
∂ψ2
− 1
r2 cos2 θ
2
∂
∂φ
∂
∂ψ
]
Ψ(r, θ, φ, ψ) = EΨ(r, θ, φ, ψ). (9.41)
We can write Ψ(r, θ, φ, ψ) = χ(r, θ)ei(ν1φ+ν2ψ). Then we obtain the equivalent system of
(9.41) as
H ′χ(r, θ)ei(ν1φ+ν2ψ) =
[
∂2
∂r2
+
2
r
∂
∂r
+
(
2aE − dν22 −
c0
2
)
r2
+
1
r2
(
∂2
∂θ2
+ cot θ
∂
∂θ
− ν
2
1
sin2 θ
)
− ν
2
2
r2 cos2 θ
2
+
ν1ν2
r2 cos2 θ
2
]
×χ(r, θ)ei(ν1φ+ν2ψ) = E ′χ(r, θ)ei(ν1φ+ν2ψ), (9.42)
where E ′ = c4 + c1ν22 − 2bE. The original energy parameter E now plays as the role
of model parameter and the model parameter c4 + c1ν
2
2 − 2bE plays the role of energy
E ′. This change in the role of the parameters is called coupling constant metamorphosis.
Moreover, the model (9.42) is related to the one in (9.41) by Sta¨ckel transformation and
thus the two systems are Sta¨ckel equivalent [24,116].
By making the Ansatz,
Ψ(r, θ, φ, ψ) = R(r)Θ(θ)ei(ν1φ+ν2ψ), (9.43)
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(9.42) becomes the radial and angular ordinary differential equations[
∂2
∂r2
+
2
r
∂
∂r
− E ′ + (2aE − dν22 −
c0
2
)r2 − k1
r2
]
R(r) = 0, (9.44)[
∂2
∂θ2
+ cot θ
∂
∂θ
+
{
k1 − (ν1 − 2ν2)
2
2(1 + cos θ)
− ν
2
1
2(1− cos θ)
}]
Θ(θ) = 0, (9.45)
where k1 is separable constant.
We now turn to (9.45), which can be converted, by setting z = cos θ and Θ(z) =
(1 + z)a(1− z)bZ(z), to
(1− z2)Z ′′(z) + {2a− 2b− (2a+ 2b+ 2)z}Z ′(z)
+{k1 − (a+ b)(a+ b+ 1)}Z(z) = 0, (9.46)
where 2a = ν1 − 2ν2, 2b = ν1. Comparing (9.46) with the Jacobi differential equation
(1− x2)y′′ + {β1 − α1 − (α1 + β1 + 2)x}y′ + λ(λ+ α1 + β1 + 1)y = 0, (9.47)
we obtain the separation constant
k1 = (l − ν2)(l − ν2 + 1), (9.48)
where l = λ+ν1. Hence the solutions of (9.46) are given in terms of the Jacobi polynomials
as
Θ(θ) ≡ Θlν1(θ; ν1, ν2) = Flν1(ν1, ν2)(1 + cos θ)
(ν1−2ν2)
2 (1− cos θ) ν12
×P (ν1,ν1−2ν2)l−ν1 (cos θ), (9.49)
where P
(α,β)
λ denotes a Jacobi polynomial [145], Flν1(ν1, ν2) is the normalized constant
and l ∈ N.
The radial equation (9.44) can be converted, by setting z = εr2, R(z) = z
1
2
(l−ν2)e−
z
2R1(z)
and ε2 = c0
2
− 2aE + dν22 , to
z
d2R1(z)
dz2
+
{
(l − ν2 + 3
2
)− z
}
dR1(z)
dz
−
{
1
2
(l − ν2 + 3
2
) +
E ′
4ε
}
R1(z) = 0.
(9.50)
Set
n =
ν2
2
− E
′
4ε
− l
2
− 3
4
. (9.51)
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Then (9.50) can be identified with the Laguerre differential equation. Hence we can write
the solution of (9.44) in terms of the confluent hypergeometric polynomial as
R(r) ≡ Rnl(r; ν1, ν2) = Fnl(ν1, ν2)(εr2) 12 (l−ν2)e−εr
2
2
×1F1(−n, l − ν2 + 3
2
; εr2), (9.52)
where Fnl(ν1, ν2) is the normalized constant. In order to have a discrete spectrum the
parameter n needs to be positive integer. From (9.51)
ε =
−E ′
4n+ 2l − 2ν2 + 3 (9.53)
and hence the energy spectrum of the system (9.35) is given by
2bE − c1ν22 − c4√
c0
2
− 2aE + dν22
= 4n+ 2l − 2ν2 + 3, n = 1, 2, 3, . . . (9.54)
9.3.2 Ladder operators and recurrence approach
The solutions of the eigenfunction for the equation H ′Ψ = E ′Ψ of the form Ψ(r, θ, φ, ψ) =
ψ
l−ν2+ 12
n Θ
(ν1,ν1−2ν2)
l−ν1 e
i(ν1φ+ν2ψ) are given by
ψ
l−ν2+ 12
n = e
−εr2
2 rl−ν2L
l−ν2+ 12
n (εr
2), (9.55)
Θ
(ν1,ν1−2ν2)
l−ν1 = sin
ν1
θ
2
cosν1−2ν2
θ
2
P
(ν1,ν1−2ν2)
l−ν1 (cos θ), (9.56)
where Lαn is the nth order Laguerre polynomial, P
(β,γ)
λ is the Jacobi polynomial [145],
n = ν2
2
− E′
4ε
− 3
4
− l
2
and ε2 = c0
2
− 2aE + dν22 . The energy eigenvalues of the equation
H ′Ψ = E ′Ψ is
E ′ = −ε(4n+ 2l − 2ν2 + 3). (9.57)
Let us now construct the ladder operators based on radial part of the separated solutions
using differential identities for Laguerre functions [145]
K+
l−ν2+ 12 ,n
=
1
r
(B −Q+ 1)∂r − H
′
2
+
1
r2
(B −Q+ 1)(B −Q− 1
2
),
K−
l−ν2+ 12 ,n
= −1
r
(B −Q− 1)∂r − H
′
2
− 1
r2
(B −Q− 1)(B −Q+ 1
2
) (9.58)
9.3. MIC-harmonic oscillator with monopole in generalized Taub-NUT space119
and the shift operators based on the angular functions using Jacobi function identities [145]
J+l−ν1 = −2(B −Q+
1
2
) sin θ∂θ − 2(B −Q+ 1
2
)2 cos θ − 2Q(L3 −Q),
J−l−ν1 = 2(B −Q−
1
2
) sin θ∂θ − 2(B −Q− 1
2
)2 cos θ − 2Q(L3 −Q). (9.59)
Here B =
√
L2 + 1
4
as in section 2. The action of the operators on the corresponding
wave functions provide the following recurrence formulas
K+
l−ν2+ 12 ,n
ψ
l−ν2+ 12
n = −2ε2ψl−ν2+
5
2
n−1 ,
K−
l−ν2+ 12 ,n
ψ
l−ν2+ 12
n = −2(n+ 1)(n+ l − ν2 + 1
2
)ψ
l−ν2− 32
n+1 ,
J+l−ν1Θ
(ν1,ν1−2ν2)
l−ν1 = −2(l − ν1 + 1)(l − ν1 − 2ν2 + 1)Θ
(ν1,ν1−2ν2)
l−ν1+1 ,
J−l−ν1Θ
(ν1,ν1−2ν2)
l−ν1 = −2l(l − 2ν2)Θ
(ν1,ν1−2ν2)
l−ν1−1 . (9.60)
9.3.3 Integrals of motion, algebra structure and spectrum
Let us now consider the suitable operators
D1 = K
+
l−ν2+ 12 ,n
J+l−ν1+1J
+
l−ν1B, D2 = BJ
−
l−ν1J
−
l−ν1−1K
−
l−ν2+ 12 ,n
. (9.61)
The explicitly action of the operators Di, i = 1, 2 on the wave functions is given by
D1Ψ(r, θ, φ, ψ) = −8ε2l(l + 1)(l − ν1 + 1)(l − ν1 − 2ν2 + 1)(l − ν1 + 2)
×(l − ν1 − 2ν2 + 2)ψl−ν2+
5
2
n−1 Θ
(ν1,ν1−2ν2)
l−ν1+2 e
i(ν1φ+ν2ψ), (9.62)
D2Ψ(r, θ, φ, ψ) = −8l(l − 1)(l − 2ν2)(l − 2ν2 − 1)(l − 3
2
)(n+ 1)
×(n+ l − ν2 + 1
2
)ψ
l−ν2− 32
n+1 Θ
(ν1,ν1−2ν2)
l−ν1−2 e
i(ν1φ+ν2ψ). (9.63)
We can also obtain the action of the operators D1D2 and D2D1 on the wave functions. It
follows in the operator from construction they form an algebraically independent set of
differential operators and there has a common feature of superintegrable systems to close
polynomially symmetry algebra. Direct computation shows that they form higher order
polynomial algebra
[D1, H
′] = 0 = [D2, H ′], (9.64)
[B,D1] = 2D1, [B,D2] = −2D2, (9.65)
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D1D2 =
B − 2
256
(2B − 5)(2B − 3)2(2B − 2L3 − 4Q− 1)
×(2B − 2L3 − 1)(2B − 4Q− 3)(2B − 4Q− 1)
×(2B − 2L3 − 4Q− 3)(2B − 1)(2B − 2L3 − 3)
×[H ′ − 2ε(B −Q− 1)][H ′ + 2ε(B −Q− 1)], (9.66)
D2D1 =
B
256
(2B − 1)(2B + 1)2(2B − 2L3 − 4Q+ 3)
×(2B − 2L3 + 3)(2B − 4Q+ 1)(2B − 4Q+ 3)
×(2B − 2L3 − 4Q+ 1)(2B + 3)(2B − 2L3 + 1)
×[H ′ − 2ε(B −Q+ 1)][H ′ + 2ε(B −Q+ 1)]. (9.67)
We rewrite ((9.64)-(9.67)) in the form of deformed oscillator algebra (9.24) by letting
ℵ = B
2
, b† = D1 and b = D2. We then obtain structure function
Φ(x;u,H ′) =
(2x+ u− 2)
256
[2(2x+ u)− 3]2[2(2x+ u)− 2L3 − 1]
×[2(2x+ u)− 1][2(2x+ u)− 2L3 − 3][2(2x+ u)− 5]
×[2(2x+ u)− 2L3 − 4Q− 3][H ′ − 2ε{(2x+ u)−Q− 1}]
×[2(2x+ u)− 4Q− 1][H ′ + 2ε{(2x+ u)−Q− 1}]
×[2(2x+ u)− 4Q− 3][2(2x+ u)− 2L3 − 4Q− 1], (9.68)
where u is an arbitrary constant to be determined. We should impose the following
constraints on the structure function in order to obtain a finite dimensional unirreps,
Φ(p+ 1;u,E ′) = 0, Φ(0;u,E ′) = 0, Φ(x) > 0, ∀x > 0, (9.69)
where p is a positive integer. These constraints give (p + 1)-dimensional unitary repre-
sentations and their solutions give the energy E ′ and the arbitrary constant u. We have
all the possible energy spectra and structure functions as
u =
ε1E
′ + 2ε(1 + ν2)
2ε
, E ′ = −ε(4p− 2ν1 + 2ε2ν2 + 3) (9.70)
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Φ(x) = 2ε2[2x− 2p+ (ε2 − 1)ν1 − 2][2x− 2p+ (ε2 − 1)ν1 − 2ν2 − 2]
×[4x− (4p+ 2ε2ν1 + 2ν2 + 3)(1 + ε1)][2x− 2p+ ε2ν1 − 2ν2 − 1]
×[4x− (4p+ 2ε2ν1 + 2ν2 + 3)(1− ε1)][2x− 2p+ ε2ν1 − 2ν2 − 2]
×[2x− 2p+ ε2 − 2][2x− 2p+ ε2ν1 − 3][2x− 2p+ ε2ν1 − 1]
×[4p− 2x+ 2ε2ν1 + 5][2x− 2p+ ε2ν1 − 2]2
×[2x− 2p+ (ε2 − 1)ν1 − 2ν2 − 1], (9.71)
where ε1 = ±1, ε2 = ±1. The coupling constant metamorphosis provides E ′ ↔ c4 +c1ν22−
2bE and ε2 ↔ c0
2
− 2aE + dν22 . Hence we have the energy of the original Hamiltonian
2bE − c1ν22 − c4√
c0
2
− 2aE + dν22
= 4p− 2ν1 + 2ε2ν2 + 3. (9.72)
Making the identifications p = n, −ν1 = l, ε1 = 1, ε2 = 1, then (9.72) coincides with the
physical spectra (9.54).
9.4 Conclusion
One of the main results of this chapter is the construction via recurrence method of
the higher order integrals of motion and higher order polynomial algebra for the MIC-
harmonic oscillator systems with monopole interactions in both flat space and curved
Taub-NUT space. The method is systematic and well constructed based on wave functions
of the systems. To our knowledge this is the first application of the recurrence approach
in superintegrable monopole systems.
Let us point out that superintegrable systems with monopole interactions and their
polynomial algebras are largely unexplored area [165]. It is interesting to generalize the
results to systems with non-abelian monopole interactions.
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Chapter 10
Superintegrable systems from exceptional
orthogonal polynomials
Acknowledgement
This chapter is based on the work that was published in Ref. [96]. I have incorporated text
of that paper [96]. In this chapter, we introduce an extended Kepler-Coulomb quantum
model in spherical coordinates. The Schro¨dinger equation of this Hamiltonian is solved in
these coordinates and it is shown that the wave functions of the system can be expressed in
terms of Laguerre, Legendre and exceptional Jacobi polynomials (of hypergeometric type).
We construct ladder and shift operators based on the corresponding wave functions and
obtain their recurrence formulas. These recurrence relations are used to construct higher-
order, algebraically independent integrals of motion to prove superintegrability of the
Hamiltonian. The integrals form a higher rank polynomial algebra. By constructing the
structure functions of the associated deformed oscillator algebras we derive the degeneracy
of energy spectrum of the superintegrable system.
10.1 Introduction
Many families of exceptional orthogonal polynomials have been successfully used to con-
struct new superintegrable systems, higher order integrals of motion and higher order
polynomial algebras [168–171, 191]. In this chapter, we use the recurrence approach to
extend the three parameter Kepler-Coulomb system [121].
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The exceptional orthogonal polynomials (EOP) were first explored in [69, 70]. These
polynomials form complete, orthogonal systems extending the classical orthogonal poly-
nomials of Hermite, Laguerre and Jacobi. More recently much research has been done
extending the theory of EOPs in various directions in mathematics and physics, in
particular, exactly solvable quantum mechanical problems for describing bound states
[46, 73, 75, 76, 138, 181, 194, 195, 207] and scattering states [88, 223–225], diffusion equa-
tions and random processes [33, 85, 87], quantum information entropy [47], exact solu-
tions to Dirac equation [206], Darboux transformations [71,86,181,182,193,195,205] and
finite-gap potentials [72]. Recent progress has been made constructing systems relating
superintegrability and supersymmetric quantum mechanics with exceptional orthogonal
polynomials [172,191].
The research for superintegrable systems with second-order integrals in conformally
flat spaces started in the mid sixties [63]. Over the last decade the topic of superintegrabil-
ity has become an attractive area of research as these systems possess many desirable prop-
erties and can be found throughout various subjects in mathematical physics. For a de-
tailed list of references on superintegrability, we refer the reader to the review paper [176].
One systematic approach to superintegrability is to derive spectra of 2D superintegrable
systems based on quadratic and cubic algebras involving three generators [39, 158, 159].
In particular, the method of realization in the deformed oscillator algebras [38] has been
effective for obtaining finite dimensional unitary representations [158, 167]. In fact, this
approach was extended to classes of higher order polynomial algebras with three genera-
tors [100] as well as higher rank polynomial algebras of superintegrable systems in higher
dimensional spaces [89,90]. However, it is quite involved to apply the direct approach to
obtain the corresponding polynomial algebras, Casimir operators and deformed oscillator
algebras.
These difficulties can be overcome using a constructive approach based on eigenfunc-
tions of the models. This approach is a useful tool to construct well-defined integrals
of motion in classical and quantum mechanical problems. Many papers were devoted to
construct integrals of motion and their corresponding higher order symmetry algebras
based on lower-(first and second) ones [23, 55, 63, 109, 161] and higher-order ladder oper-
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ators [2, 42, 110, 129, 157, 164, 168, 171, 196] in various aspects. In fact, the constructive
approach has shown a close connection with special functions and (exceptional) orthogonal
polynomials [26–28,92,95,117,172,191].
In this chapter, we introduce a new exactly solvable Hamiltonian system in 3D, which
is a singular deformation of the Coulomb potential. Its wave functions are given as
products of Laguerre, Legendre and exceptional Jacobi polynomials. We show that the
system is superintegrable by constructing integrals of the motion using the recurrence
relation approach. The symmetry algebra enables us to give an algebraic derivation for
the energy spectrum.
10.2 Extended Kepler-Coulomb system
Consider the generalization of the three parameter Kepler-Coulomb Hamiltonian [121] in
spherical coordinates
H =
1
2
p2 − α
2r
+
1
2r2 sin2 θ
[
γ2 − 1
4
4 sin2 φ
2
+
δ2 − 1
4
4 cos2 φ
2
+
2(1− b cosφ)
(b− cosφ)2
]
, (10.1)
where pi = −i∂i, b = δ+γδ−γ , γ 6= δ and α, γ, δ are three real constants. The Schro¨dinger
equation HΨ(r, θ, φ) = EΨ(r, θ, φ) of (10.1) can be expressed as[
∂2
∂r2
+
2
r
∂
∂r
+
α
r
+ 2E +
1
r2
{
∂2
∂θ2
+ cot θ
∂
∂θ
}
+
1
r2 sin2 θ
{
∂2
∂φ2
− γ
2 − 1
4
4 sin2 φ
2
− δ
2 − 1
4
4 cos2 φ
2
− 2(1− b cosφ)
(b− cosφ)2
}]
Ψ(r, θ, ψ) = 0. (10.2)
The separation of variable of the Hamiltonian (10.1) for the wave equation HΨ = EΨ by
the ansatz
Ψ(r, θ, φ) = R(r)Θ(θ)Z(φ) (10.3)
provides the following radial and angular ordinary differential equations[
d2
dr2
+
2
r
d
dr
+
α
r
+ 2E − k2
r2
]
R(r) = 0, (10.4)[
d2
dθ2
+ cot θ
d
dθ
− k1
sin2 θ
+ k2
]
Θ(θ) = 0, (10.5)[
d2
dφ2
− γ
2 − 1
4
4 sin2 φ
2
− δ
2 − 1
4
4 cos2 φ
2
− 2(1− b cosφ)
(b− cosφ)2 + k1
]
Z(φ) = 0, (10.6)
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where k1, k2 are the associated separation constants.
We now turn to (10.6), which can be converted, by setting z = cosφ, Z(z) = (z +
1)
1
4
(δ+2)(z − 1) 14 (γ+2)(z − b)−1f(z), to
(z2 − 1)d
2f(z)
dz2
+
{
γ − δ + (γ + δ + 2)z − 2(z
2 − 1)
z − b
}
df(z)
dz
+
{
1
4
(γ + δ + 1)2 − k1 + γ − δ + (γ + δ − 1)z
(b− z)
}
f(z) = 0. (10.7)
Comparing (10.7) with exceptional Jacobi differential equation [69],
T (η,ξ)(Y ) = (n− 1)(n+ η + ξ)Y, n ∈ N, (10.8)
where
T (η,ξ)(Y ) = (X2 − 1)Y ′′ + 2A
(
1−BX
B −X
)
{(X − C)Y ′ − Y },
A =
1
2
(ξ − η), B = ξ + η
ξ − η , C = B +
1
A
, (10.9)
we obtain γ = ξ, δ = η and the separation constant
k1 =
(
n+
γ + δ − 1
2
)2
. (10.10)
Hence the solutions of (10.7) are given in terms of the exceptional Jacobi polynomials
Pˆ
(δ,γ)
n [69, 191] as
Z(φ) ≡ Fn(γ, δ)(cosφ+ 1)
1
4
(2δ+1)(cosφ− 1) 14 (2γ+1)
(cosφ− b) Pˆ
(δ,γ)
n (cosφ), (10.11)
These EOP are related to their standard Jacobi polynomials P
(δ,γ)
n [3] via
Pˆ (δ,γ)n = −
1
2
(cosφ− b)P (δ,γ)n−1 +
bP
(δ,γ)
n−1 − P (δ,γ)n−2
δ + γ + 2n− 2 . (10.12)
Using (10.10) in the angular part (10.5), we have[
d2
dθ2
+ cot θ
d
dθ
− (n+
γ+δ−1
2
)2
sin2 θ
+ k2
]
Θ(θ) = 0. (10.13)
Then (10.13) can be converted, by setting z = cos θ, to[
(1− z2) d
2
dz2
− 2z d
dz
+ k2 −
(n+ γ+δ−1
2
)2
1− z2
]
f(z) = 0. (10.14)
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Comparing (10.14) with associated Legendre differential equation
(1− x2)y′′ − 2xy′ +
[
m(m+ 1)− µ
2
1− x2
]
y = 0, (10.15)
we obtain the constants
k2 = m(m+ 1), µ = n+
γ + δ − 1
2
. (10.16)
Hence the solutions of (10.5) are given in terms of the Legendre polynomials P µm [3] as
Θ(θ) ≡ Fm(µ)P µm(cos θ), (10.17)
where Fm(µ) is the normalized constant and m,µ ∈ Z.
Using (10.16), the radial part (10.4) becomes[
d2
dr2
+
2
r
d
dr
+
α
r
+ 2E − m(m+ 1)
r2
]
R(r) = 0. (10.18)
(10.18) can be converted, by setting z = εr, R(z) = zme−
1
2
zf1(z) and ε
2 = −8E, to[
z
d2
dz2
+ (2m+ 2− z) d
dz
+
α
ε
−m− 1
]
f1(z) = 0. (10.19)
Set
N =
α
ε
−m− 1. (10.20)
Then (10.19) can be identified with the Laguerre differential equation. Hence the solutions
of (10.4) are given in terms of the N -th order Laguerre polynomials LβN [3] as
R(r) ≡ e− εr2 (εr)mL2m+1N (εr). (10.21)
Hence the energy spectrum of the model (10.1), E = −ε
2
8
, is given by
E = − α
2
8 (N +m+ 1)2
, N = 1, 2, 3, . . . (10.22)
Here N is the principal quantum number.
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10.3 Algebraic calculation to the extended Kepler-
Coulomb system
We can rewrite the Hamiltonian of three parameter extended Kepler-Coulomb system
in the standard way as a sequence of operators corresponding to separation in spherical
coordinates (10.1),
H =
1
2
[
∂2
∂r2
+
2
r
∂
∂r
+
α
r
+
Lθ
r2
]
, (10.23)
where
Lθ =
∂2
∂θ2
+ cot θ
∂
∂θ
+
Lφ
sin2 θ
, (10.24)
Lφ =
∂2
∂φ2
− γ
2 − 1
4
4 sin2 φ
2
− δ
2 − 1
4
4 cos2 φ
2
− 2(1− b cosφ)
(b− cosφ)2 . (10.25)
Making a slight change in the definition of these operators,
Hθ = 1− 4Lθ, Hφ = −Lφ, (10.26)
leads to the following system of eigenvalue equations, from the previous section,
HΨ = EΨ, HθΨ = ρ
2Ψ, HφΨ = µ
2Ψ. (10.27)
Moreover, these three operators mutually commute, i.e. [Hθ, H] = [Hφ, H] = [Hθ, Hφ] =
0. The wave functions found in the previous section are then
Ψ(r, θ, φ) = ψρNΘ
µ
ρ−1
2
Zˆn, (10.28)
where ψρN = e
− εr
2 (εr)
ρ−1
2 LρN(εr), Θ
µ
ρ−1
2
= P µρ−1
2
(cos θ),
Zˆn = (cosφ− b)−1 sinδ+ 12 φ
2
cosγ+
1
2
φ
2
Pˆ (δ,γ)n (cosφ). (10.29)
Here ε = 2α/(2N + ρ+ 1) and
ρ = 2m+ 1, m = 0, 1, 2 . . . ,
µ = n+
γ + δ − 1
2
, n = 1, 2, 3 . . .
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As in the previous section, the relation among E, N and ρ is the quantization condition
(10.22)
E = − α
2
2 (2N + ρ+ 1)2
. (10.30)
In the following we will construct additional integrals of motion to prove the superinte-
grability of the Hamiltonian (10.23).
10.3.1 Ladder and shift operators for the associated Laguerre
and Legendre polynomials
We now search for recurrence operators which preserve the energy E. Equation (10.30)
shows that E is preserved under either
N → N + 1, ρ→ ρ− 2 or N → N − 1, ρ→ ρ+ 2.
as well as arbitrary shifts in n (equivalently µ). We now construct the ladder operators
from the associated Laguerre functions, as in [117,191],
L−N = (ρ+ 1)
∂
∂r
+ α− 1
2r
(ρ2 − 1), R+N = (−ρ+ 1)
∂
∂r
+ α− 1
2r
(ρ2 − 1), (10.31)
whose action on the corresponding wave functions are given by
L−Nψ
ρ
N = −
2α
2N + ρ+ 1
ψρ+2N−1, R
+
Nψ
ρ
N = −
2α(N + 1)(N + ρ)
2N + ρ+ 1
ψρ−2N+1. (10.32)
We can also construct lowering and rising differential operators of the θ related part of
separated solution for the associated Legendre functions
L−ρ = (1− z2)
∂
∂z
+
ρ− 1
2
z, R+ρ = (1− z2)
∂
∂z
− ρ+ 1
2
z, (10.33)
where z = cos θ, and obtain their action on the corresponding wave functions
L−ρ Θ
µ
ρ−1
2
= (µ+
ρ− 1
2
)Θµρ−3
2
, R+ρ Θ
µ
ρ−1
2
= (µ− ρ+ 1
2
)Θµρ+1
2
. (10.34)
Both of these pairs of ladder operators are obtained by taking the standard ladder oper-
ators of the special functions [3] and conjugating by the ground state.
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10.3.2 Ladder and shift operators for the exceptional Jacobi
polynomials and associated Legendre polynomials
Ladder operators for the exceptional Jacobi polynomials can be constructed from ladder
operators for the Jacobi polynomials [3]
L−n =
1
2
(2n+ γ + δ)(1− y2) ∂
∂y
− 1
2
n{γ − δ − (2n+ γ + δ)y},
R+n = −
1
2
(2n+ γ + δ + 2)(1− y2) ∂
∂y
+
1
2
(n+ γ + δ + 1)
×{γ − δ + (2n+ γ + δ + 2)y}. (10.35)
Their action is as
L−nP
(δ,γ)
n (y) = (n+ γ)(n+ δ)P
(δ,γ)
n−1 (y),
R+nP
(δ,γ)
n (y) = (n+ 1)(n+ γ + δ + 1)P
(δ,γ)
n+1 (y), y = cosφ. (10.36)
To extend these operators to the EOP case, we make use of forward and backward oper-
ators [86, 191] for the exceptional Jacobi polynomials
F = (y − 1)(y + γ + δ
δ − γ )
∂
∂y
+ δ(y +
2 + γ + δ
δ − γ ),
B =
γ − δ
γ + δ − (γ − δ)y{(1 + y)
∂
∂y
+ δ}, y = cosφ, (10.37)
whose action are
FP (δ+1,γ−1)n (y) = −2(n+ δ − 1)Pˆ (δ,γ)n+1 (y), (10.38)
BPˆ (δ,γ)n (y) =
1
2
(n+ γ)P
(δ+1,γ−1)
n−1 (y). (10.39)
We can then define, as in [191], the corresponding ladder operators for the exceptional
Jacobi polynomials via
Ln = F ◦ L−n ◦B, Rn = F ◦ R+n ◦B. (10.40)
The final step is to conjugate these ladder operators by the ground state y0 = (y +
1)
1
4
(δ+2)(y − 1) 14 (γ+2)(y − b)−1 for the angular component of the eigenfunction
L−n = y0Lny
−
0 , R
+
n = y0Rny
−
0 , (10.41)
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so that their action on the φ-components of the wave function are as follows,
L−n Zˆn = −(n+ δ)(n+ γ)(n+ δ − 2)(n+ γ − 2)Zˆn−1,
R+n Zˆn = −n(n+ δ)(n+ γ)(n+ δ + γ − 1)Zˆn+1. (10.42)
While these operators shift the parameter n (equivalently µ) in the φ-factor Zˆn, we much
account for this shift in the Θµρ−1
2
(z) component as well. To do so, we now construct a
pair of operators from associated Legendre polynomials that can lower and rise µ while
fixing ρ,
L−µ =
√
1− z2 ∂
∂z
− µz√
1− z2 , R
+
µ =
√
1− z2 ∂
∂z
+
µz√
1− z2 , (10.43)
where z = cos θ, and their action on the corresponding wave functions are given by
L−µΘ
µ
ρ−1
2
(z) = (
ρ− 1
2
+ µ)(
ρ+ 1
2
− µ)Θµ−1ρ−1
2
(z), R+µΘ
µ
ρ−1
2
(z) = −Θµ+1ρ−1
2
(z). (10.44)
10.3.3 Integrals of motion and subalgebra structures
Let us now consider the following suitable combinations of the operators
D−1 = L
−
NR
+
ρ , D
+
1 = R
+
NL
−
ρ , D
−
2 = R
+
µL
−
n , D
+
2 = L
−
µR
+
n . (10.45)
The action of the operators D±i , i = 1, 2 fixes our complete basis of eigenfunctions, thus
providing higher order integrals of the motion. Their explicitly action on the eigenfunc-
tions are given by
D−1 Ψ(r, θ, φ) =
(ρ− 2µ+ 1)α
(2N + ρ+ 1)
ψρ+2N−1Θ
µ
ρ+1
2
Zˆn,
D+1 Ψ(r, θ, φ) = −
α(N + 1)(N + ρ)(ρ+ 2µ− 1)
2N + ρ+ 1
ψρ−2N+1Θ
µ
ρ−3
2
Zˆn, (10.46)
D−2 Ψ(r, θ, φ) = (n+ δ)(n+ γ)(n+ δ − 2)(n+ γ − 2)ψρNΘµ+1ρ−1
2
Zˆn−1,
D+2 Ψ(r, θ, φ) =
−1
4
n(n+ δ)(n+ γ)(n+ δ + γ − 1)(ρ+ 2µ− 1)
×(ρ− 2µ+ 1)ψρNΘµ−1ρ−1
2
Zˆn+1. (10.47)
The following commutation relations of the operators can be easily verified via the action
on the eigenfunctions (10.23),
[D−1 , H] = 0 = [D
+
1 , H], [D
−
1 , Hφ] = 0 = [D
+
1 , Hφ],
[D−2 , H] = 0 = [D
+
2 , H], [D
−
2 , Hθ] = 0 = [D
+
2 , Hθ]. (10.48)
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For the convenience we present a diagram representation of the above commutation rela-
tions
D−1 Lφ D
+
1
H
D−2 Lθ D
+
2
H
(10.49)
Moreover, we obtain
[Hθ, D
−
1 ] =
1
4
(ρ+ 1)D−1 , [Hφ, D
−
2 ] = (2µ+ 1)D
−
2 ,
[Hθ, D
+
1 ] =
−1
4
(ρ− 1)D+1 , [Hφ, D+2 ] = −(2µ− 1)D+2 . (10.50)
Let us now define the higher order operators D∓i D
±
i , i = 1, 2. We can also obtain the
action of the operators D∓i D
±
i , i = 1, 2 on the wave functions. It follows from construction
that they present algebraically independent sets of differential operators and hence the
system is superintegrable. The system also evidences a common feature of superintegrable
systems in that is admits two higher-order subalgebras. A direct computation of the action
of the operators D±1 on the basis leads to
[Hθ, D
−
1 ] =
1
4
(
√
Hθ + 1)D
−
1 , [Hθ, D
+
1 ] = −
−1
4
(
√
Hθ − 1)D+1 , (10.51)
D−1 D
+
1 =
1
4
[
√
−α2 −
√
2H
√
Hθ +
√
2H][
√
−α2 +
√
2H
√
Hθ −
√
2H]
×[
√
Hθ + 2
√−Lφ − 1][√Hθ − 2√Hφ − 1],
D+1 D
−
1 =
1
4
[
√
−α2 −
√
2H
√
Hθ −
√
2H][
√
−α2 +
√
2H
√
Hθ +
√
2H]
×[
√
Hθ + 2
√
Hφ + 1][
√
Hθ − 2
√
Hφ + 1]. (10.52)
Similarly for the D±2 operators
[Hφ, D
−
2 ] = (2
√
Hφ + 1)D
−
2 , [Hφ, D
+
2 ] = −(2
√
Hφ − 1)D+2 , (10.53)
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D−2 D
+
2 = −
1
1024
[1 +
√
Hθ + 2
√
Hφ][−1 +
√
Hθ − 2
√
Hφ]
×[1 + 2√Hφ − γ − δ][−1 + 2√Hφ + γ − δ][1 + 2√Hφ + γ − δ]
×[3 + 2√Hφ + γ − δ][−1 + 2√Hφ − γ + δ][1 + 2√Hφ − γ + δ]
×[3 + 2√Hφ − γ + δ][−1 + 2√Hφ + γ + δ],
D+2 D
−
2 = −
1
1024
[−1 +
√
Hθ+2
√
Hφ][1 +
√
Hθ−2
√
Hφ]
×[−1 + 2√Hφ − γ − δ][−3 + 2√Hφ + γ − δ][−1 + 2√Hφ + γ − δ]
×[1 + 2√Hφ + γ − δ][−3 + 2√Hφ − γ + δ][−1 + 2√Hφ − γ + δ]
×[1 + 2√Hφ − γ + δ][−3 + 2√Hφ + γ + δ]. (10.54)
So the above higher order algebraic structure is the full symmetry algebra for the super-
integrable system (10.23).
10.3.4 Higher rank polynomial algebras
In this subsection we will redefine the operators in sense of [121] and show that they form
well-defined higher rank polynomial algebra. We now define the following operators as
J1 =
D−1 −D+1
ρ
, J2 = D
−
1 +D
+
1 ,
K1 =
D+2 −D−2
2µ
, K2 = D
−
2 +D
+
2 . (10.55)
It is easily verified that
[J1, H] = 0 = [J2, H], [J1, Hφ] = 0 = [J2, Hφ],
[K1, H] = 0 = [K2, H], [K1, Hθ] = 0 = [K2, Hθ]. (10.56)
The commutation relations also can be represented by the following diagrams
J1 Hφ J2
H
K1 Hθ K2
H
(10.57)
We obtain the following, still quantum-number dependent, commutation relations
[Hθ, J1] =
1
4
(J1 + J2) , [Hθ, J2] =
1
4
(
ρ2J1 + J2
)
,
[Hφ, K1] = K1 +K2, [Hφ, K2] = (2n+ δ + γ − 1)2K1 +K2. (10.58)
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These can be expressed back in terms of the algebra generators as
[Hθ, J1] =
1
4
(J1 + J2) , [Hθ, J2] =
1
4
(HθJ1 + J2) ,
[Hφ, K1] = K1 +K2, [Hφ, K2] = 4HφK1 +K2. (10.59)
The last set of algebra relations to recover are the commutators [J1, J2] and [K1, K2]. A
first step is to see the following relations from the action on the eigenfunctions
[J1, J2] =
2√
Hθ
[D−1 , D
+
1 ], [K1, K2] =
1√
Hφ
[D+2 , D
−
2 ]. (10.60)
Moreover, [J1, K1] = 0 = [J2, K2] as [D
±
1 , D
±
2 ] = 0. We can rewrite the expressions (10.52)
as
D−1 D
+
1 = P1(H,Hθ, Hφ) + P2(H,Hθ, Hφ)
√
Hθ,
D+1 D
−
1 = P1(H,Hθ, Hφ)− P2(H,Hθ, Hφ)
√
Hθ, (10.61)
where
P1(H,Hθ, Hφ) = −1
4
[16H − 64HHθ + 32HH2θ + 16HHφ − 32HHθHφ
+2α2 − 4Hθα2 + 4Hφα2],
P2(H,Hθ, Hφ) =
1
4
[16H − 32HHθ + 16HHφ + 2α2]. (10.62)
Hence we have
[D−1 , D
+
1 ] = 2P2(H,Hθ, Hφ)
√
Hθ, (10.63)
{D−1 , D+1 } = 2P1(H,Hθ, Hφ). (10.64)
Also, the expression (10.54) can be written as
D−2 D
+
2 = P3(Hθ, Hφ) + P4(Hθ, Hφ)
√
Hφ,
D+2 D
−
2 = P3(Hθ, Hφ)− P4(Hθ, Hφ)
√
Hφ, (10.65)
where
P3(Hθ, Hφ) = − 1
1024
[((γ + δ − 1)2 − 4Hφ][{(γ − δ)2 − 9}(Hθ − 1)
−4{(γ − δ)2 +Hθ − 22}Hφ + 16H2φ][(γ − δ)4 + (4Hφ − 1)2
−2(γ − δ)2(4Hφ + 1)],
P4(Hθ, Hφ) =
1
256
[(γ + δ − 1)2 − 4Hφ][(γ − δ)4 + (1− 4Hφ)2 − 2(γ − δ)2(1 + 4Hφ)]
×[(γ − δ)2 + 3Hθ − 4(3 + 4Hφ)]. (10.66)
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Hence we also have
[D−2 , D
+
2 ] = 2P4(Hθ, Hφ)
√
Hφ, (10.67)
{D−2 , D+2 } = 2P3(Hθ, Hφ). (10.68)
Thus, we realize the final set of algebra relations as
[J1, J2] = 4P2(H,Hθ, Hφ), [K1, K2] = 2P4(Hθ, Hφ). (10.69)
Thus, we have shown that the operators H, Hθ, Hφ, K1, K2, D1 and D2 close to
form a polynomial algebra. Finally, we mention that it is possible to show that these
operators are well-defined and can be expressed without recourse to the action on the wave-
functions. This is accomplished via the usual observation that the operators constructed
are polynomial in ρ2 and µ2 and so these can be replaced with the appropriate operators
and the algebra relations will still hold.
10.3.5 Deformed oscillators, structures functions and spectrum
In order to derive the spectrum using the algebraic structure, we realize the substructure
(10.51) and (10.52) as well as the substructure (10.53) and (10.54), respectively, in terms
of deformed oscillator algebra [38,39] {ℵ, b†, b} of the form
[ℵ, b†] = b†, [ℵ, b] = −b, bb† = Φ(ℵ+ 1), b†b = Φ(ℵ), (10.70)
where ℵ is the number operator and Φ(x) is well behaved real function satisfying
Φ(0) = 0, Φ(x) > 0, ∀x > 0. (10.71)
We recall (10.51) and (10.53) in the following forms
[
√
Hθ, D
∓
1 ] = ±2D∓1 , [
√
Hφ, D
±
2 ] = ±D±2 . (10.72)
Setting √
Hθ = 2(ℵ1 + u1), b1 = D+1 , b†1 = D−1 , (10.73)√
Hφ = (ℵ2 + u2), b2 = D−2 , b†2 = D+2 , (10.74)
136
Chapter 10. Superintegrable systems from exceptional orthogonal
polynomials
where u1 > 0 and u2 > 0 are some representation dependent constants, we obtain from
(10.52) and (10.54),
[ℵi, b†i ] = b†i , [ℵi, bi] = −bi, i = 1, 2,
b1b
†
1 = Φ1(ℵ1 + 1,ℵ2 + 1, H, u1, u2), b†1b1 = Φ1(ℵ1,ℵ2, H, u1, u2),
b2b
†
2 = Φ2(ℵ1 + 1,ℵ2 + 1, u1, u2), b†2b2 = Φ1(ℵ1,ℵ2, u1, u2). (10.75)
The corresponding structure functions are given by
Φ1(ℵ1,ℵ2, H, u1, u2) = b†1b1 = D−1 D+1
= P1(ℵ1,ℵ2, H, u1, u2) + 2P2(ℵ1,ℵ2, H, u1, u2)(ℵ1 + u1)(10.76)
Φ2(ℵ1,ℵ2, u1, u2) = b†2b2 = D+2 D−2
= P3(ℵ1,ℵ2, u1, u2) + 2P4(ℵ1,ℵ2, u1, u2)(ℵ2 + u2). (10.77)
At this stage, the explicit expressions of the corresponding structure functions are as
follows
Φ1(ℵ1,ℵ2, E, u1, u2) = 1
4
[√
−α2 − 2(ℵ1 + u1)
√
2E +
√
2E
]
[√
−α2 + 2(ℵ1 + u1)
√
2E −
√
2E
]
[2(ℵ1 + u1) + 2(ℵ2 + u2)− 1]
[2(ℵ1 + u1)− 2(ℵ2 + u2)− 1], (10.78)
Φ2(ℵ1,ℵ2, u1, u2) = − 1
1024
[−1 + 2(ℵ1 + u1) + 2(ℵ2 + u2)]
[1 + 2(ℵ1 + u1)− 2(ℵ2 + u2)] [−1 + 2(ℵ2 + u2)− γ − δ]
[−3 + 2(ℵ2 + u2) + γ − δ] [−1 + 2(ℵ2 + u2) + γ − δ]
[1 + 2(ℵ2 + u2) + γ − δ] [−3 + 2(ℵ2 + u2)− γ + δ]
[−1 + 2(ℵ2 + u2)− γ + δ] [1 + 2(ℵ2 + u2)− γ + δ]
[−3− 2(ℵ2 + u2) + γ + δ]. (10.79)
Note that only Φ1 contains the energy parameter E. To determine the energy spectrum,
we need to construct the finite-dimensional unitary representations of (10.75). We thus
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impose the following constraints on the structure functions:
Φ1(p1 + 1, p2 + 1, E, u1, u2) = 0, Φ1(0, 0, E, u1, u2) = 0, (10.80)
Φ2(p1 + 1, p2 + 1, u1, u2) = 0, Φ2(0, 0, u1, u2) = 0, (10.81)
where pi, i = 1, 2, are positive integers. These constraints give rise to finite-dimensional
unitary presentations. We now solve the constraints (10.80) and (10.81) simultaneously.
First of all, it can be readily verified that the only solution for the constraints ((10.81) is
given by
u2 = u1 +
1
2
, p1 = p2 = p, (10.82)
where p is a positive integer. It follows that these constraints (10.80) and (10.81) lead
to (p + 1)-dimensional unitary representations of (10.75). Now we find solutions to the
constraints (10.80) which satisfy (10.82). This will provide us the energy spectrum E
of the system as well as the allowed values of the parameters u1 and u2. After some
computations, we obtain all allowed values of the energy E and the parameters u1, u2 as
follows.
E = − α
2
2(p+ 1)2
, u1 =
1
2
+
p+ 1
2
, u2 = 1 +
p+ 1
2
. (10.83)
Here p = 0, 1, · · · , is any positive integer. Making the identification p = 2(N + m) + 1,
the energy spectrum becomes (10.22).
10.4 Conclusion
In this chapter, we see the construction of a new, exactly-solvable system with wave func-
tions comprised of products of Laguerre, Legendre and exceptional Jacobi polynomials.
This system is a perturbation of a superintegrable system, the singular Coulomb system.
We show that the system is superintegrable by constructing 7 integrals of motion and show
that the algebra closes to form a polynomial algebra. The construction of the higher order
integrals of the motion is a systematic constructive approach from ladder operators which
based on (exceptional) orthogonal polynomials. We also discuss the representations of
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this new algebra via the deformed oscillator method to derive spectra and degeneracies
of unitary representations.
It would be of interest to further investigate this system further, in particular to
understand how the singular term behaves in the classical limit. Here we have normalized
~ = 1, if it is reintroduced the system will depend non-trivially on this parameter. Also of
interest could be to understand the scattering states and how the exception perturbation
affects those.
Chapter 11
Conclusion and further research
Superintegrable systems are very exclusive class of dynamical systems in quantum me-
chanics and have rigorous understanding polynomial algebra structures and connections
with many domains of pure and applied mathematics. This thesis is concerned with
N -dimensional quantum superintegrable systems with scalar potentials as well as vector
potentials with monopole type interactions, and the algebraic derivations for spectra and
degeneracies of these systems. The main results of this thesis are summarized as follows.
In chapters 3, 4, 5, 7 and 8, we have applied the direct approach to new families of
the N -dimensional superintegrable Kepler-Coulomb systems with non-central terms and
double singular oscillators in the Euclidean space, and to new families of superintegrable
Kepler and deformed Kepler systems interacting with Yang-Coulomb monopoles in the
flat and curved Taub-NUT spaces. We have constructed the integrals of motion of the
models, the corresponding polynomial algebras satisfied by these integrals and the Casimir
operators of the polynomial algebras. It is shown that in 3D, 5D and arbitrary dimensions,
the integrals close to the higher-rank algebra of the form Q(3) ⊕ L, where L = L1 ⊕
L2 ⊕ ... is a direct sum of certain Lie algebras L1,L2, . . . , and Q(3) is the quadratic
algebra generated by three generators involving Casimir operators of the Lie algebras in
its structure constants.
In chapters 6, 9 and 10, we have highlighted the applications of the constructive ap-
proach to the Sta¨ckel equivalents of the N -dimensional superintegrable Kepler-Coulomb
model with non-central terms and the double singular oscillators, the 3D extended super-
integrable Kepler-Coulomb system from exceptional orthogonal polynomials in the flat
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Euclidean space, and the new families of the MIC-harmonic oscillators with monopole
interactions in the flat and curved Taub-NUT spaces. We have constructed the ladder
and shift operators based on the corresponding wave functions of the models. The suit-
able combinations of these operators generate higher-order integrals of motion and close to
form the higher-rank polynomial algebras P (3)⊕L, where P (3) is higher-order polynomial
algebra involving Casimir operators of certain Lie algebras in its structure constants.
The realizations of these symmetry polynomial algebras in terms of the deformed
oscillators have enabled us to obtain the finite dimensional unitary representations and
the structure functions. The most interesting advantage of the algebraic approach is that
the structure functions are in factorized form which significantly simplify the computations
of the process. The structure functions provide the energy spectra algebraically and a
deeper understanding of the degeneracies for the superintegrable quantum models. Let
us remark that the recurrence approach was previously restricted to systems with scalar
potentials, and this thesis is the first to extend and apply this approach to superintegrable
systems with monopole interactions.
As one of the future research directions, it is interesting to study higher dimensional
superintegrable models with monopole interactions [130, 165, 175]. It is expected that
there would be exciting new symmetry polynomial algebras of such models to be found.
It is also interesting to study the symmetry algebras of superintegrable systems with
spins [220] and systems in more general curved spaces.
Additionally, the application of the co-algebra technique to the general N -dimensional
superintegrable models with scalar as well as vector potentials interactions is worth in-
vestigating [8, 192, 199]. The deformed oscillator algebra approach to the Calogero type
many body problems is another exciting research topic [30,31,218].
Bibliography
[1] Abouamal I and Winternitz P, Fifth-order superintegrable quantum system separating
in Cartesian coordinates. Doubly exotic potentials, arXiv: 1708.03379, 2017.
[2] Adler V E, A modification of Crum’s method, Theor. Math. Phys. 101, 1381, 1994.
[3] Andrews G E, Askey R and Roy R, Special Functions, (Encyclopedia of Mathematics
and its applications), Cambridge University Press 71, 1999.
[4] Atiyah M F and Hitchin N, Low energy scattering of non-abelian monopoles, Phys.
Lett. A 197, 21, 1985.
[5] Avery J S, Hyperspherical harmonic: Application in quantum theory, 1989.
[6] Bacry H, The Poincare group, the Dirac monopole and photon, J. Phys. A: Math.
Gen. 14, L73, 1981.
[7] Baker G A Jr, Degeneracy of the n-dimensional, isotropic, harmonic oscillator, Phys.
Rev. 103, 1119, 1956.
[8] Ballesteros A, Herranz F J, Ragnisco O and Santander M, Contractions, deformations
and curvature, Int. J. Theor. Phys. 47, 649, 2008.
[9] Ballesteros A and Herranz F J, Maximal superintegrability of the generalized Kepler-
Coulomb system on N -dimensional curved space, J. Phys. A: Math. Theor. 42, 245203,
2009.
[10] Ballesteros A, Encisob A, Herranz F J, Orlando R, Riglionid D, Superintegrable
quatum oscillator and Kepler-Coulomb systems on curved spaces, Nankai Series Pure,
Appl. Math. Theor. Phys. 11, 211, 2013.
[11] Ballesteros A, Encisob A, Herranz F J, Orlando R, Riglionid D, An exactly solvable
deformation of the Coulomb problem associated with the Taub-NUT metric, Ann. Phys.
351, 540, 2014.
141
142 Bibliography
[12] Bander M and Itzykson C, Group theory and the hydrogen atom (I), Rev. Mod .
Phys. 38, 330, 1966.
[13] Bargmann V, Zur Theorie des Wasserstoffatoms, Zeitschrift fu¨r Physik 99, 576, 1936.
[14] Barut A O, Dynamics of a broken su(N) symmetry for the oscillator, Phys. Rev. 139
B1433, 1965.
[15] Barut A O and Kleinent H, Transition probabilities of the hydrogen atom from
noncompact dynamical groups, Phy. Rev. 156, 1541, 1967.
[16] Barut A O and Raczka R, Theory of Group Representations and Applications, PWN-
Polish Scientific Publishers, 1977.
[17] Barut A O, Schneider C K and Wilson R, Quantum theory of infinite component
fields, J. Math. Phys. 20, 2244, 1979.
[18] Barut A O, On the dynamical group of the charge-monopole system, J. Phys. A:
Math. Gen. 14, L267, 1981.
[19] Bellucci S and Yeranyan A, Noncommutative Coulombic monopole, Phys. Rev. D
72, 085010, 2005.
[20] Bellucci S, Toppan J and Yeghikyan V, The second Hopf map and Yang-Coulomb
system on a 5D (pseudo)sphere, J. Phys. A 43, 045205, 2010.
[21] Be´rube´ J and Winternitz P, Integrable and superintegrable quantum systems in a
magnetic field, J. Math. Phys. 45, 1959, 2004 .
[22] Bonatsos D and Daskaloyannis C, Quantum groups and their applications in nuclear
physics, Prog. Partic. Nuclr. Phys. 43, 537, 1999.
[23] Boyer C P and Miller J W, A classification of second-order raising operators for
Hamiltonians in two variables, J. Math. Phys. 15, 9, 1974.
[24] Boyer C P, Kalnins E G and Miller W Jr, Stackel-equivalent integrable Hamiltonian
systems, SIAM J. Math. Anal. 17, 778, 1986.
[25] Budini P, Spectral function sum rules and the decay, Int. Atomic Energy Agency,
Trieste, 1967.
[26] Calzada J A, Celeghini E, Olmo M A and Velasco M A, Algebraic aspects of
Tremblay-Turbiner-Winternitz Hamiltonian systems, J. Phys. Conf. 343, 012029, 2012.
[27] Calzada J A, Kuru S and Negro J, Superintegrable Lissajous systems on the sphere,
Bibliography 143
Eur. Phys. Plus 129, 164, 2014.
[28] Calzada J A, Kuru S and Negro J, Polynomial symmetries of spherical Lissajous
systems, arXiv: 1404.7066, 2014.
[29] Calogero F, Solution of a three-body problem in one dimension, J. Math. Phys. 10,
2191, 1969.
[30] Calogero F, Solution of the one-dimensional N -body problems with quadratic and /
or inversely quadratic pair potentials, J. Math. Phys. 12, 419, 1971.
[31] Calogero F, Exactly solvable one-dimensional many-body problems, Lettere al Nuovo
Cimento 13, 411, 1975.
[32] Chen C Y and Dong S H, Exactly complete solutions of the Coulomb potential plus
a new ring-shaped potential, Phy. Lett. A 335, 374, 2005.
[33] Chou C I and Ho C L, Generalized Rayleigh and Jacobi processes and exceptional
orthogonal polynomials, Int. J. Mod. Phys. B 27, 1350135, 2013.
[34] Condon E U and Shortley G H, The Theory of Atomic Spectra, Cambridge University
Press, ISBN 0-521-09209-4, 1970.
[35] Cordani B, Feher L Gy and Horvathy P A, O(4, 2) dynamical symmetry of the
Kaluza-Klein monopole, Phys. Lett. B 201, 481, 1988.
[36] Cotaescu I and Visinescu M, Schro¨dinger quantum modes on the Taub-Nut back-
ground, Mod. Phys. Lett. A 15, 145, 2000.
[37] Courant R and Hilbert D, Methods of Mathematical Physics, Interscience Volume
II, New York, 1962 (Interscience Volume I, New York, 1953).
[38] Daskaloyannis C, Generalized deformed oscillator and nonlinear algebras, J. Phys.
A: Math. Gen. 24, L789, 1991.
[39] Daskaloyannis C, Quadratic Poisson algebras of two-dimensional classical superinte-
grable systems and quadratic associative algebras of quantum superintegrable systems,
J. Math. Phys. 42, 1100, 2001.
[40] Daskaloyannis C and Tanoudis Y, Quadratic algebras for three-dimensional superin-
tegrable systems, Phys. Atom. Nucl. 73, 214, 2010.
[41] Davtyan L S, Mardoyan L G, Pogosyan G S, Sissakian A N and Ter-Antonyan V
M, Generalized KS transformation: from five-dimensional hydrogen atom to eight-
144 Bibliography
dimensional isotropic oscillator, J. Phys. A 20, 6121, 1987.
[42] Demircioglu B, Kuru S, Onder M and Vercin A, Two families of superintegrable and
isospectral potentials in two dimensions, J. Math. Phys. 43, 2133, 2002.
[43] Desilets J F, Winternitz P and Yurdusen I, Superintegrable systems with spin and
second-order integrals of motion, J. Phys. A : Math. Theor. 45, 475201, 2012.
[44] Dirac P M, Quantised Singularities in the Electromagnetic Field, Proc. Roy. Soc.
(London) A 133, 60, 1931.
[45] D’Hoker E and Vinet L, Supersymmetry of the Pauli equation in the presence of a
magnetic monopole, Phys. Lett. B 137, 72, 1984.
[46] Dutta D and Roy P, Conditionally exactly solvable potentials and exceptional or-
thogonal polynomials, J. Math. Phys. 51, 042101, 2010.
[47] Dutta D and Roy P, Information entropy of conditionally exactly solvable potentials,
J. Math. Phys. 52, 032104, 2011.
[48] Escobar-Ruiz A M, Vieyra J C L and Winternitz P, Fourth order superintegrable
systems separating in Polar coordinates. I. Exotic potentials, arXiv: 1706.08655,
2017.
[49] Escobar-Ruiz A M and Miller W Jr, Toward a classification of semidegenerate 3D
superintegrable systems, arXiv: 1611.02977, 2017.
[50] Escobar-Ruiz A M, Kalnins E G and Miller W Jr, Boˆcher and abstract contractions
of 2nd order quadratic algebras, SIGMA 13, 013, 2017.
[51] Escobar-Ruiz A M, Miller W Jr and Subag E, Contractions of degenerate quadratic
algebras, abstract and geometric, arXiv: 1708.02280, 2017.
[52] Evans N W, Superintegrability in classical mechanics, Phys. Rev. A, 41, 5666, 1990.
[53] Evans N W, Superintegrability of the Winternitz system, Phys. Lett. A 147, 483,
1990.
[54] Evans N W, Group theory of the Smorodinsky-Winternitz system, J. Math. Phys.
32, 3369, 1991.
[55] Evans N W and Verrier P E, Superintegrability of the caged anisotropic oscillator,
J. Math. Phys. 49, 092902, 2008.
[56] Feher L Gy, Dynamical o(4) symmetry in the asymptotic field of the Prasad-
Bibliography 145
Sommerfield monopole, J. Phys. A: Math. Gen. 19, 1259, 1986.
[57] Feher L Gy and Horvathy P A, Dynamical symmetry of monopole scattering, Phys.
Lett. B 183, 182, 1987.
[58] Feigin M V, Lechtenfeld O and Polychronakos A P, The quantum angular Calogero-
Moser model, J. High Energy Phys. 07, 162, 2013.
[59] Fock V, Zur Theorie des Wasserstoffatoms, Zeitschrift fu¨r Physik 98, 145, 1935.
[60] Fordy A P, Quantum superintegrable systems as exactly solvable models, SIGMA 3,
025, 2007.
[61] Fradkin D M, Three-dimensional isotropic harmonic oscillator and su(3), Amer. J.
Phys. 33, 207, 1965.
[62] Fris I, Mandrosov V, Smorodinsky Ya A, Uhlir M and Winternitz P, On higher
symmetries in quantum mechanics, Phys. Lett. 16, 354, 1965.
[63] Fris I, Smorodinsky Y A, Uhlir M and Winternitz P, Symmetry groups in classical
and quantum mechanics, Yad Fiz 4, 625, 1966 (Sov. J. Nucl. Phys. 4, 444, 1966).
[64] Genest V X, Vinet L and Zhedanov A, The Racah algebra and superintegrable mod-
els, J. Phys.: Conf. Ser. 512, 012011, 2014.
[65] Genest V X, Vinet L and Zhedanov A, The equitable Racah algebra from three
su(1, 1) algebras, J. Phys. A: Math. Theor. 47, 025203, 2014.
[66] Genest V X, Vinet L and Zhedanov A, The Bannai-Ito algebra and a superintegrable
system with reflections on the two-sphere, J. Phys. A: Math. Theor. 47, 205202, 2014.
[67] Gibbons G W and Manton N S, Hidden symmetry of hyperbolic monopole motion,
Nucl. Phys. B 274, 183, 1986.
[68] Gibbons G W and Warnick C M, Hidden symmetry of hyperbolic monopole motion,
J. Geo. and Phys. 57, 2286, 2007.
[69] Go´mez-Ullate D, Kamran N and Milson R, An extended class of orthogonal polyno-
mials defined by a Sturm-Liouville problem, J. Math. Anal. Appl. 359, 359, 2009.
[70] Go´mez-Ullate D, Kamran N and Milson R, An extension of Bochner’s problem: ex-
ceptional invariant subspaces, J. Appro. Theor. 162, 987, 2010.
[71] Go´mez-Ullate D, Kamran N and Milson R, Exceptional orthogonal polynomials and
the Darboux transformation, J. Phys. A: Math. Theor. 43, 434016, 2010.
146 Bibliography
[72] Go´mez-Ullate D, Kamran N and Milson R, Two step Darboux transformations and
exceptional Laguerre polynomials, J. Math. Anal, Appl. 387, 410, 2012.
[73] Go´mez-Ullate D, Grandati Y and Milson R, Rational extensions of the quantum
harmonic oscillator and exceptional hermit polynomials, J. Phys. A: Math. Theor. 47,
015203, 2014.
[74] Gonera C, A note on superintegrability of the quantum Calogero model, Phys. Lett.
A 237, 365, 1998.
[75] Grandati Y, Solvable rational extensions of the Morse and Kepler-Coulomb poten-
tials, J. Math. Phys. 52, 103505, 2011.
[76] Granovskii Ya I, Zhedanov A S and Lutzenko I M, Quadratic algebra as a hidden
symmetry of the Hartmann potential, J. Phys. A: Math. Gen. 24, 3887, 1991.
[77] Gritsev V V, Kurochkin Y A and Otchik V S, Nonlinear symmetry algebra of the
MIC-Kepler problem on the sphere S3, J. Phys. A: Math. Gen. 33, 4903, 2000.
[78] Gross D J and Perry M J, Magnetic monopoles in Kaluza-Klein theories, Nucl. Phys.
B 226, 29, 1983.
[79] Grosche C, Pogosyan G S and Sissakian A N, On the interbasis expansion for the
Kaluza-Klein monopole system, Ann. Phys. 6, 144, 1997.
[80] Guo J Y, Han J C and Wang R D, Pseudospin symmetry and the relativistic ring-
shaped non-spherical harmonic oscillator, Phy. Lett. A, 353, 378, 2006.
[81] Hakobyan T Lechtenfeld O and Nersessian A, Superintegrability of generalized
Calogero models with oscillator or Coulomb potential, Phys. Rev. D, 90, 101701, 2014.
[82] Hartmann H, Die Bewegung eines Ko¨rpers in einem ringfo¨rmigen potentialfeld,
Theor. Chim. Acta 24, 201, 1972.
[83] Hartmann H and Schuch D, Spin-orbit coupling for the motion of a particle in a
ring-shaped potential, Int. J. Quantum Chem. 18, 125, 1980.
[84] Hawking S W, Gravitational instantons, Phys. Lett. A 60, 81, 1977.
[85] Ho C L, Direc (-Pauli), Fokker-Planck equations and exceptional Laguerre polyno-
mials, Annal. Phys. 326, 797, 2011.
[86] Ho C L, Odake S and Sasaki R, Properties of the exceptional (Xl) Laguerre and
Jacobi polynomials, SIGMA 7, 107, 2011.
Bibliography 147
[87] Ho C L and Sasaki R, Extensions of a class of similarity solutions of Fokker-Planck
equation with time-dependent coefficients an fixed/moving boundaries, J. Math. Phys.
55, 113301, 2014.
[88] Ho C L, Lee J C and Sasaki R, Scattering amplitudes for multi-indexed extensions
of solvable potentials, Annal. Phys. 343, 115, 2014.
[89] Hoque M F, Marquette I and Zhang Y-Z, Quadratic algebra structure and spectrum
of a new superintegrable system in N -dimension, J. Phys. A: Math. Theor. 48, 185201,
2015.
[90] Hoque M F, Marquette I and Zhang Y-Z, A new family of N dimensional superinte-
grable double singular oscillators and quadratic algebra Q(3) ⊕ so(n) ⊕ so(N − n), J.
Phys. A: Math. Theor. 48, 445207, 2015.
[91] Hoque M F, Marquette I and Zhang Y-Z, Family of N -dimensional superintegrable
systems and quadratic algebra structures, J. Phys: Conf. Ser. 670, 012024, 2016.
[92] Hoque M F, Marquette I and Zhang Y-Z, Recurrence approach and higher rank cubic
algebras for the N -dimensional superintegrable systems, J. Phys. A: Math. Theor. 49,
125201, 2016.
[93] Hoque M F, Marquette I and Zhang Y-Z, Quadratic algebra for superintegrable
monopole system in a Taub-NUT space, J. Math. Phys. 57, 092104, 2016.
[94] Hoque M F, Marquette I and Zhang Y-Z, Quadratic algebra structure in the 5D
Kepler system with non-central potentials and Yang-Coulomb monopole interaction,
Annl. Phys. 380, 121, 2017.
[95] Hoque M F, Marquette I and Zhang Y-Z, Recurrence approach and higher order
polynomial algebras for superintegrable monopole systems, arXiv: 1605.06213, 2016.
[96] Hoque M F, Marquette I, Post S and Zhang Y-Z, Algebraic calculations for
spectrum of superintegrable system from exceptional orthogonal polynomials, arXiv:
1710.03589, 2017.
[97] Hurwitz A, Mathematische Werke (Band II Birkhausser, Basel), 641, 1993.
[98] Hwa R C and Huyts J, Group embedding for the harmonic oscillator, Phys. Rev.
145, 1188, 1966.
[99] Iachello F, Lie Algebra and Applications, Lect. Notes Phys., Springer, Berlin Hei-
148 Bibliography
delberg 708, 205203, 2006.
[100] Isaac P S and Marquette I, On realizations of polynomial algebras with three gen-
erators via deformed oscillator algebras, J. Phys. A: Math. Theor. 47, 205203, 2014.
[101] Ino¨nu¨ E and Wigner E P, On the contraction of groups and their representations,
Proc. Nat. Acad. Sci. USA 39, 510, 1953.
[102] Izmest’ev A A, Pogosyan G S, Sissakian A N and Winternitz P, Contractions of Lie
algebras and the separation of variables, J. Phys. A: Math. Gen. 29, 5949, 1996.
[103] Izmest’ev, Pogosyan G S, Sissakian A N and Winternitz P, Contractions of Lie
algebras and the separation of variables: interbase expansions, J. Phys. A: Math. Gen.
34, 521, 2001.
[104] Iwai T and Uwano Y, The four-dimensional conformal Kepler problem reduces to
the three-dimensional Kepler problem with a centrifugal potential and Dirac’s monopole
field. Classical theory, J. Math. Phys. 27, 1523, 1986.
[105] Iwai T and Katayama N, On extended Taub-NUT metrics, J. Geom. Phys. 12, 55,
1993.
[106] Iwai T and Katayama N, Two kinds of generalized Taub-Nut metrics and the sym-
metry of associated dynamical systems, J. Phys. A: Math. Gen. 27, 3179, 1994.
[107] Iwai T, Uwano Y and Katayama N, Quantization of the multifold Kepler system,
J. Math. Phys. 37, 608, 1996.
[108] Jackiw R, Dynamical symmetry of the magnetic monopole, Ann. Phys. 129, 183,
1980.
[109] Jauch J M and Hill E L, On the problem of degeneracy in quantum mechanics,
Phys. Rev. 57, 641, 1940.
[110] Junker G, Supersymmetric Methods in Quantum and Statistical Physics, Springer,
New York, 1995.
[111] Kalnins E G, Miller W Jr and Pogosyan G S, Coulomb-oscillator duality in spaces
of constant curvature, J. Math. Phys. 41, 2629, 2000.
[112] Kalnins E G, Kress J M and Miller W Jr, Second order superintegrable systems in
conformally flat spaces. II. The classical two-dimensional Sta¨ckel transform, J. Math.
Phys. 46, 053510, 2005.
Bibliography 149
[113] Kalnins E G, Kress J M and Miller W Jr, Second order superintegrable systems in
conformally flat spaces. IV. The classical 3D Sta¨ckel transform and 3D classification
theory, J. Math. Phys. 47, 043514, 2006.
[114] Kalnins E G, Kress J M and Miller W Jr, Second-order superintegrable systems
in conformally flat spaces. V. Two- and three-dimensional quantum systems, J. Math.
Phys. 47, 093501, 2006.
[115] Kalnins E G, Miller W Jr and Post S, Models for Quadratic Algebras Associated
with Second Order Superintegrable Systems in 2D, SIGMA 4, 008, 2008.
[116] Kalnins E G, Miller W Jr and Post S, Coupling constant metamorphosis and Nth-
order symmetries in classical and quantum mechanics, J. Phys. A : Math. Theor. 43,
035202, 2010.
[117] Kalnins E G, Kress J M and Miller W Jr, A recurrence relation approach to higher
order quantum superintegrability, SIGMA 7, 031, 2011.
[118] Kalnins E G, Kress J M and Miller W Jr, Structure relations for the symmetry
algebras of quantum superintegrable systems, J. Phys. Conf, Ser. 343, 012075, 2012.
[119] Kalnins E G and Miller W Jr, Structure theory for extended Kepler-Coulomb 3D
classical superintegrable systems, SIGMA 8, 034, 2012.
[120] Kalnins E G, Miller W Jr and Post S, Contractions of 2D 2nd order quantum super-
integrable systems and the Askey scheme for hypergeometric orthogonal polynomials,
SIGMA 9, 057, 2013.
[121] Kalnins E G, Kress J M and Miller W Jr, Extended Kepler-Coulomb quantum
superintegrable systems in three dimensions, J. Phys. A: Math. Theor. 46, 085206,
2013.
[122] Kaluza T, Zum unitatsproblem in der physik, Sitzungsber. Preuss. Akad. Wiss.
Phys. Math. K1, 996, 1921.
[123] Karayan Kh H, Mardoyan L G and Ter-Antonyan V M, The Euler bound states:
8D quantum oscillator, Phys. Part. Nucl. 33, 202, 2002.
[124] Kibler M, Lamot G H and Winternitz P, Classical trajectories for two ring-shaped
potentials, Int. J. Quan. Chem. 43, 625, 1992.
[125] Kibler M, Mardoyan L and Pogosyan G S, On a generalized Kepler-Coulomb system:
150 Bibliography
interbasis expansions, International Journal of Quantum Chemistry, 52, 1301, 1994.
[126] Kibler M R, On the use of the group so(4, 2) in atomic and molecular physics,
Molecular Phys. 102, 1221, 2004.
[127] Klein O, Quantentheorie und fiinfdimensionale Relativitatstheorie, Zeit. Phys. 37,
895, 1926.
[128] Kleinert H, Found. Phys. 23, 769, 1993 (Lectures in Theor. Phys. Brezin W E and
Barut A O, XB, 427, Gordon and Brack, NY, 1968).
[129] Krein M G, On a continual analogue of a Christoffel formula from the theory of
orthogonal polynomials, Dokl. Akad. Nauk SSSR 113, 970, 1957.
[130] Krivonos S, Nersessian A and Ohanyan V, Multicenter McIntosh-Cisneros-
Zwanziger-Kepler system, supersymmetry and integrability, Phys. Rev. D 75, 085002,
2007.
[131] Kuru S, Negro J and Ragnisco O, The Perlick system type I: from the algebra of
symmetries to the geometry of the trajectories, arXiv: 1705.04618, 2017.
[132] Kustaanheimo P and Stiefel E, Perturbation theory of Kepler motion based on
spinor regularization, J. Reine Angew. Math. 218, 204, 1965.
[133] Labelle S, Mayrand M and Vinet L, Symmetries and degeneracies of a charged
oscillator in the field of a magnetic monopole, J. Math. Phys. 32, 1516, 1991.
[134] Landau L D and Lifshitz E M, Quantum Mechanics Pergamon Press, 1977.
[135] Latini D and Ragnisco O, The classical Taub-NUT system: factorization, spectrum
generating algebra and solution to the equations of motion, arXiv: 1411.3571, 2014.
[136] Le V H and Komarov L I, Theory of the generalized Kustaanheimo-Stiefel trans-
formation, Phys. Lett. A 177, 121, 1993.
[137] Le V-H, Nguyen T-S and Phan N H, A hidden non-Abelian monopole in a 16-
dimensional isotropic harmonic oscillator, J. Phys. A: Math. Theor. 42, 175204, 2009.
[138] Le´vai G and O¨zer O, An exactly solvable Schro¨dinger equation with finite positive
position-dependent effective mass, J. Math. Phys. 51, 092103, 2010.
[139] Levi-Civita T, Opere Mathematische 2, 411, 1951.
[140] Levi-Civita T, Opere matematiche, Memorie e note 2, 1901, 1956 (Nicola Zanichelli
Editore, Bologna).
Bibliography 151
[141] Louck J D, Group theory of harmonic oscillators in n-dimensional space, J. Math.
Phys. 6, 1786, 1965.
[142] Louck J D and Galbraith H W, Application of orthogonal and unitary group meth-
ods to the N -body problem, Rev. Mod. Phys. 4, 540, 1972.
[143] Makarov A A, Smorodinsky J A, Valiev K and Wintenitz P, A systematic search
for nonrelativistic systems with dynamical symmetries, Il Nuovo Cimento A 52, 1061,
1967.
[144] Manton N S, Monopole interactions at long range, Phys. Lett. B 154, 397, 1985.
[145] Magnus W, Oberhettinger F and Soni R P, Formulas and theorems for the special
functions of mathematical physics, Berlin, 1996.
[146] Mardoyan L G, Sissakian A N and Ter-Antonyan V M, Oscillator as a hidden non-
Abelian monopole, JINR, Dubna, Preprint E2 96, 24, 1996.
[147] Mardoyan L G, Sissakian A N and Ter-Antonyan V M, 8-D oscillator as a hidden
su(2)- monopole, Phys. Atom. Nucl. 61, 1746, 1998.
[148] Mardoyan L G, Sissakian A N and Ter-Antonyan V M, Hidden symmetry of the
Yang-Coulomb system, Mod. Phys. Lett. A 14, 1303, 1999.
[149] Mardoyan L G, Sissakian A N and Ter-Antonyan V M, Bases and interbasis trans-
formations for the su(2) monopole, Theor. Math. Phys. 123, 451, 2000.
[150] Mardoyan L G, Five-dimensional su(2)-monopole: continuous spectrum, Phys.
Atomic Nuclei. 65, 1096, 2002.
[151] Mardoyan L G, The generalized MIC-Kepler system, J. Math. Phys. 44, 4981, 2003.
[152] Mardoyan L, Dyon-oscillator duality. Hidden symmetry of the Yang-Coulomb
monopole, arXiv:quant-ph/0302162, 2003.
[153] Mardoyan L G and Petrosyan M G, Four-dimensional singular oscillator and gen-
eralized MIC-Kepler system, Phys. Atom. Nucl. 70, 572, 2007.
[154] Mardoyan L G and Petrosyan M G, Four-dimensional singular oscillator and gen-
eralized MIC-Kepler system, Phys. At. Nucl. 70, 572, 2007.
[155] Marquette I, Superintegrability with third order integrals of motion, cubic algebras
and supersymmetric quantum mechanics I:Rational function potentials, J. Math. Phys.
50, 012101, 2009.
152 Bibliography
[156] Marquette I, Superintegrability with third order integrals of motion, cubic algebras
and supersymmetric quantum mechanics II:Painleave transcendent potentials, J. Math.
Phys. 50, 095202, 2009.
[157] Marquette I, Supersymmetry as a method of obtaining new superintegrable systems
with higher order integrals of motion, J. Math. Phys. 50, 122102, 2009.
[158] Marquette I, Superintegrability with third order integrals of motion, cubic algebras
and supersymmetric quantum mechanics I:Rational function potentials, J. Math. Phys.
50, 012101, 2009.
[159] Marquette I, Superintegrability with third order integrals of motion, cubic algebras
and supersymmetric quantum mechanics II:Painleave transcendent potentials, J. Math.
Phys. 50, 095202, 2009.
[160] Marquette I, Construction of classical superintegrable systems with higher order
integrals of motion from ladder operators, J. Math. Phys. 51, 072903, 2010.
[161] Marquette I, Superintegrability and higher order polynomial algebras II, J. Phys.
A: Math. Gen. 43, 135203, 2010.
[162] Marquette I, Generalized MICZ-Kepler system, duality, polynomial and deformed
oscillator algebras, J. Math. Phys. 51, 102105, 2010.
[163] Marquette I, Generalized Kaluza-Klein monopole, quadratic algebras and ladder
operators, J. Phys. A: Math. Theor. 44, 235203, 2011.
[164] Marquette I, An infinite family of superintegrable systems from higher order ladder
operators and supersymmetry, J. Phys.: Conf. Ser. 284, 012047, 2011.
[165] Marquette I, Generalized five-dimensional Kepler system, Yang-Coulomb monopole,
and Hurwitz transformation, J. Math. Phys. 53, 022103, 2012.
[166] Marquette I, Classical ladder operators, polynomial Poisson algebras and classifica-
tion of superintegrable systems, J. Math. Phys. 53, 012901, 2012.
[167] Marquette I, Quartic Poisson algebras and quartic associative algebras and realiza-
tions as deformed oscillator algebras, J. Math. Phys. 54, 071702, 2013.
[168] Marquette I and Quesne, New ladder operators for a rational extension of the har-
monic oscillator and superintegrability of some two-dimensional systems, J. Math. Phys.
54, 102102, 2013.
Bibliography 153
[169] Marquette I and Quesne C, New families of superintegrable systems from Hermite
and Laguerre exceptional orthogonal polynomials, J. Math. Phys. 54, 042102, 2013.
[170] Marquette I and Quesne C, Two-step rational extensions of the harmonic oscillator:
exceptional orthogonal polynomials and ladder operators, J. Phys. A: Math. Theor. 46,
155201, 2013.
[171] Marquette I and Quesne, Combined state-adding and state-deleting approaches to
type III multi-step rationally-extended potentials: applications to ladder operators and
superintegrability, J. Math. Phys. 55, 112103, 2014.
[172] Marquette I and Quesne C, Deformed oscilator algebra approach of some quantum
superintegrable Lissajous systems on the sphere and of their rational extensions, J.
Math. Phys. 56, 062102, 2015.
[173] Marquette I, Sajedi M and Winternitz P, Fourth order superintegrable systems
separating in Cartesian coordinates. I. Exotic quantum potentials, arXiv: 1703.09751,
2017.
[174] McIntosh H V and Cisneros A, Degeneracy in presence of a magnetic monopole, J.
Math. Phys. 11, 896, 1970.
[175] Meng G, MICZ-Kepler problems in all dimensions, J. Math. Phys. 48, 032105, 2007.
[176] Miller W Jr, Post S and Winternitz P, Classical and quantum superintegrability
with applications, J. Phys. A: Math. Theor. 46, 423001, 2013.
[177] Moshinsky M, Wigner coefficients for the su(3) group and some applications, Red.
Mod. Phys. 34, 813, 1962.
[178] Nersessian A and Pogosyan G, Relation of the oscillator and Coulomb systems on
spheres and pseudospheres, Phys. Rev. A 63, 020103, 2001.
[179] Nikitin A G, Superintegrable systems with arbitrary spin, Ukr. J. Phys. 58, 1046,
2013.
[180] New E, Tamburino L Unti T, Empty-space generalization of the Schwartzschild
metric, J. Math. Phys. 4, 915, 1963.
[181] Odake S and Sasaki R, Infinitely many shape invariant potentials and new orthog-
onal polynomials, Phys. Lett. B 679, 414, 2009.
[182] Odake S and Sasaki R, Another set of infinitely many exceptional Xl Laguerre
154 Bibliography
polynomials, Phys. Lett. B 684, 173, 2010.
[183] Petrosyan M, Four-dimensional double-singular oscillator, Phys. Atom. Nucl. 71,
1094, 2008.
[184] Pietila¨ V and Mo¨tto¨nen M, Non-Abelian magnetic monopole in a Bose-Einstein
Condensate, Phys. Rev. Lett. 102, 080403, 2009.
[185] Pletyukhov M V and Tolkochev E M, 8D oscillator and 5D Kepler problem: The
case of nontrivial constraints, J. Math. Phys. 40, 93, 1999.
[186] Pletyukhov M V and Tolkachev E A, Hurwitz transformation and oscillator repre-
sentation of a 5D isospin particle, Rep. Math. Phys. 43, 303, 1999.
[187] Pletyukhov M V and Tolkachev E A, so(6, 2) dynamical symmetry of the su(2)
MIC-Kepler problem, J. Phys. A 32, L249, 1999.
[188] Pletyukhov M V and Tolkachev E A, Green’s function for the five-dimensional su(2)
MIC-Kepler problem, J. Math. Phys. 41, 187, 2000.
[189] Polychronakos A P, The physics and mathematics of Calogero particles, J. Phys. A
: Math. Theor. 39, 12793, 2006.
[190] Post S, Models of quadratic algebras generated by superintegrable systems in 2D,
SIGMA 7, 036, 2011.
[191] Post S, Tsujimoto S and Vinet L, Families of superintegrable Hamiltonians con-
structed from exceptional polynomials, J. Phys. A : Math. Theor. 45, 405202, 2012.
[192] Post S and Riglioni D, Quantum integrals from coalgebra structure, J. Phys. A :
Math. Theor. 48, 075205, 2015.
[193] Quesne C, Exceptional orhtogonal polynomials, exactly solvable potentials and su-
persymmetry, J. Phys. A: Math. Theor. 41, 392001, 2008.
[194] Quesne C, Solvable rational potentials and exceptional orthogonal polynomials in
supersymmetric quantum mechanics, symmetry, integrability and geometry: methods
and applications, SIGMA 5, 084, 2009.
[195] Quesne C, Higher-order SUSY, exactly solvable potentials, and exceptional orthog-
onal polynomials, Mod. Phys. Lett. A 26, 1843, 2011.
[196] Ragnisco O and Riglioni D, A family of exactly solvable radial quantum systems on
space of non-constant curvature with accidental degeneracy in the spectrum, SIGMA
Bibliography 155
6, 097, 2010.
[197] Ranjan G P, Supersymmetric quantum mechanical generalized MIC-Kepler system,
Mod. Phys. Lett. A 23, 895, 2008.
[198] Rasmussen W O and Salano S, An algebraic approach to Coulomb scattering in N
dimensions, J. Math. Phys. 20, 1064, 1979.
[199] Riglioni D, Gingras O and Winternitz P, Superintegrable systems with spin induced
by co-algebra symmetry, J. Phys. A : Math. Theor. 47, 122002, 2014.
[200] Rodriguez M A, Winternitz P, Quantum superintegrability and exactly solvability
in n dimensions, J. Math. Phys. 43, 1309, 2002.
[201] Ru¨hl W and turbiner A V, Exact solvability of the Calogero and Sutherland models,
Mod. Phys. Lett. A 10, 2213, 1995.
[202] Saelen L, Nepstad R, Hansen J P and Madsen L B, The N -dimensional Coulomb
problem: Stark effect in hyperparabolic and hyperspherical coordinates, J. Phys. A:
Math. Theor. 40, 1097, 2007.
[203] Salazar-Ramirez M, Martinez D, Granados V D and Mota R D, The su(1, 1) dy-
namical algebra for the generalized MICZ-Kepler problem from the Schro¨dinger factor-
ization, Int. J. Theor. Phys. 49, 967, 2010.
[204] Santopinta E, Giannini M and Iachello F, Algebraic approach to the hypercoulomb
problem, Symmetries in Science VIII, 445, 1995.
[205] Sasaki R, Tsujimoto S and Zhedanov, Exceptional Laguerre and Jacobi polynomials
and the corresponding potentials through Darboux-Crum transformations, J. Phys. A:
Math. Theor. 43, 315204, 2010.
[206] Schulze-Halberg A and Roy B, Darbouz partners of pseudoscalar Dirac potentials
associated with exceptional orthogonal polynomials, Annal. Phys. 349, 159, 2014.
[207] Sesma J, The generalize quantum isotonic oscillator, J. Phys. A: Math. Theor. 43,
185303, 2010.
[208] Sorkin R, Kaluza-Klein monopoles, Phys. Rev. Lett. 51, 87, 1983.
[209] Sudanshan E C G, Mukunda N and Ruifeartaigh L O, Group theory of the Kepler
problem, Phys. Lett. 19, 332, 1965.
[210] Tanoudis Y and Daskaloyannis C, Algebraic calculation of the energy eigenvalues for
156 Bibliography
the nondegenerate three-dimensional Kepler-Coulomb potential, SIGMA 7, 054, 2011.
[211] Taub A H, Empty space-times admitting a three parameter group of motions, Ann.
of Math. 53, 472, 1951.
[212] Tempesta P, Turbiner V and Winternitz P, Exact solvability of superintegrable
systems, J. Math. Phys. 42, 419, 2001.
[213] Tempesta P, Winternitz P, Harnad J, Miller Jr W, Pogosyan G and Rodriguez M,
Superintegrability in classical and quantum systems, CRM Proceedings and Lecture
Notes 37, 2004 (Amer. Math. Soc., Providence, RI).
[214] Tresaco E and Ferrer S, Some ring-shaped potentials as a generalized 4D isotropic
oscillator. Periodic orbits, Celest. Mech. Dyn. Astr. 107, 337, 2010.
[215] Trunk M, The five-dimensional Kepler problem as an su(2) gauge system: algebraic
constraint quantization, Int. J. Mod. Phys. A 11, 2329, 1996.
[216] Van-Hoage Le, Nguyen T S and Phan N H, A hidden non-Abelian monopole in
a 16-dimensional isotropic harmonic oscillator, J. Phys. A: Math. Theor. 42, 175204,
2009.
[217] Van-Hoage Le and Nguyen T S, A non-Abelian so(8) monopole as generalization of
Dirac-Yang monopoles for a 9-dimensional space, J. Math. Phys. 52, 032105, 2011.
[218] Veigy A D, On the solution of the Calogero model and its generalization to the case
of distinguishable particles, arXiv: 9603050, 1996.
[219] Wigner E P, On the quantum correction for thermodynamic equilibrium, Phys. Rev.
40, 749, 1932.
[220] Winternitz P and Yurdusen I, Integrable and superintegrable systems with spin, J.
Math. Phys. 47, 103509, 2006.
[221] Wojciechowski S, Superintegrability of the Calogero-Moser system, Phys. Lett. A
95, 279 , 1983.
[222] Wu T T and Yang C N, Dirac monopole without strings: monopole harmonics,
Nucl. Phys. B 107, 365, 1976.
[223] Yadav R K, Khare A and Mandal B P, The scattering amplitude for a newly found
exactly solvable potential, Annal. Phys. 331, 313, 2013.
[224] Yadav R K, Khare A and Mandal B P, The scattering amplitude for one parameter
Bibliography 157
family of shape invariant potentials related to Jacobi polynomials, Phys. Lett. B 723,
433, 2013.
[225] Yadav R K, Khare A and Mandal B P, The scattering amplitude for rationally
extended shape invariant Eckart potentials, Phys. Lett. A 379, 67, 2015.
[226] Yang C N, Generalization of Dirac’s monopole to su(2) gauge fields, J. Math. Phys.
19, 320, 1978.
[227] Zhang M C, Huang-Fu G Q and Bo A, Pseudospin symmetry for a new ring-shaped
non-spherical harmonic oscillator potential, Phys. Scr. 80, 065018, 2009.
[228] Zwanziger D, Exactly soluble nonrelativistic model of particles with both electric
and magnetic charges, Phys. Rev. 176, 1480, 1968.
